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Differential Equations 
 
Linear First-Order Differential Equations 
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Example 
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Second-Order Differential Equations with Constant Coefficients 
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Different cases: 
 

i. 1m , 2m  are real and 12 mm ≠ , then 
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2
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ii. mmm 12 ==   ~  real, then  
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2
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4
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Nonhomogeneous Second-Order Differential Equations (Particular Solutions) 
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Bernoulli’s Differential Equation 
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Euler Differential Equation 
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Change variable tex = .  After some algebra we find 
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which is a constant coefficient equation. 
 

An alternative method that is more convenient is to assume a power law solution.  
That is   
 

mAxy =   
 
which leads to a characteristic equation given as 
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Solving for .m,mm 21=  Then 
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Homogeneous Differential Equations 
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Exact Differential Equations 
 
 ( ) ( ) 0dyy,xNdxy,xM =+   
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i.e. 
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y
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The solution then is given by  
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Riccati Differential Equation 
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Then 
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which is a linear equation.  
 

If a solution 0y  of the Riccati Equation is known, then the transformation 
 
 ( ) uxyy 0 +=   
 
leads to a Bernoulli’s Equation. i.e., 
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Bessel’s Differential Equation 
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ydx 222
2

2
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 ( ) ( )xYCxJCy n2n1 β+β=  
 
where ( )xJn β , ( )xYn β  are the Bessel functions of the first and second kinds, respectively. 
 
Generalized Bessel’s Equation 
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Modified Bessel’s Differential Equation 
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2
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2 =+β−+  

 
 ( ) ( )xKcxIcy n2n1 β+β=  
 
where nI  and nK  are the modified Bessel functions. 
 
Legendre’s Differential Equation 
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where nP  and nQ  are the Legendre functions and 
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Associated Legendre’s Differential Equation 
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where m

nP  and m
nQ  are the associated Legendre functions where 

 
2/121
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Hermite’s Differential Equation 
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 The solutions are the Hermite polynomials, )x(Hn .  These are 
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Laguerre’s Differential Equation 
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2
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 The solutions are the Laguerre polynomials, )x(Ln .  These are 
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Associated Laguerre’s Differential Equation 
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Solutions are the associated Laguerre polynomials ( )xLm
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Chebyshev’s Differential Equation 
 

 ( ) 0yn
dx
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dx
ydx1 2
2

2
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Solutions are the Chebyshev polynomials given as 
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Here ( )xUn  is the Chebyshev polynomials of the second kind. 
 
Hypergeometric Differential Equations 
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Solution is the hypergeometric function ( )x;c;b,aF . 
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Fourier Series 
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Fourier Cosine Series  
 
When ( ) ( )xfxf −=  
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Fourier Sine Series  
 
When ( ) ( )xfxf −−= ) 
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Fourier Exponential Series 
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∞
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necxf , where  
L
n
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L
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Summary of Properties of Fourier Transforms 
 
Consider the Fourier Exponential Series in the region LxL <<−  
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∞

−∞=

π

=
n

L
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Replacing the expression for the coefficient nc  in the series, we find 
 



   

ME437/537  G. Ahmadi 10

 ( ) ( ) ( )∑∫
+∞
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−

′−ω ′=
L

L
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In the last step we have defined 
 

 
L
n

n
π
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L
π
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As ∞→L , ∫∑ ω=ω∆ gdgn . Thus, 
 

 ( ) ( ) ( )∫ ∫
∞+

∞−

∞+

∞−

′−ω ω′′
π

= dxdxfe
2
1xf xxi  Fourier Integral Representation 

 
Define Fourier Transform (Exponential) 
 

 ( ) ( )∫
+∞

∞−

′ω− ′′=ω xdxfef xi  

 
The inverse transform is 
 

 ( ) ( )∫
∞+

∞−

ω ωω
π

= dfe
2
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The above two equations are a Fourier Exponential Transform Pair. 
 

Fourier Integral Representation (FIR) may be restated as 
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∞+
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2
1xf , 
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For even functions (i.e. ( ) ( )xfxf −= ), and FIR becomes 
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π
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Definition: Fourier-Cos Transform Pair: 
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∞
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 ( ) ( )∫
∞

ωωω
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0 c dfxcos2xf  

 
For odd functions (i.e. ( ) ( )xfxf −−= ), and FIR becomes 
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Applications to Differential Equations 
 
Fourier Exponential Transform of derivatives 
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⎧
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Example: Find f that satisfies the following differential equation: 
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Take Fourier Exponential Transform 
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Laplace Transform 
 
 Consider the class of functions, which are zero for negative x , and are defined 
according to 
 

 ( ) ( )
⎭
⎬
⎫

⎩
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⎧
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or 
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i
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Definition: Laplace Transform 
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Inverse Transform 
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Table of Fourier Exponential Transform Pair 
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⎨
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Table of Laplace Transform Pair 
 

( )xF  ( )sF  
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x
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x

dttFtxFxFxF
0 2121 *  ( ) ( )sFsF 21  
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x
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∞
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1
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a
+
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s
+
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22 as

a
−

− , 22 as
s
−
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+
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+
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1
+
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x
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x
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s
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Probability and Random Processes 
 
 
 In this section, capital letters identifies a random variable and lower case letters 
are used for coordinate systems. 
  
Distribution Function 
 
The distribution function 
of a random variable Y is 
defined as the probability 
that { }yY ≤ .  That is 
 
    ( ) { }yYPyFY ≤=  
   
It then follows that  

( )yFY  is monotonically  
increasing function and  
 
   ( ) 1yF0 Y ≤≤ . 
 
 
Density Function 
 
The probability density 
function is defined as 
  

    ( ) ( )
dy

ydFyf Y
Y =  

   
  
 
Properties: 
 

 ( ) ( )∫
+∞

∞−
==∞ dyyf1F YY , { } ( ) ( ) ( )1Y2Y

y

y Y21 yFyFdyyfyYyP 2

1

−==≤< ∫  

 
 
Expected Value 
 

 { } ( )∫
+∞

∞−
== dyyyfYYE Y  

 

 ( ){ } ( ) ( ) ( )∫
+∞

∞−
== dyyfygYgYgE Y  

FY(y) 

y 

1 

fY(y) 

y 
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Variance 
 
 ( ){ } { } 2222

Y YYEYYE −=−=σ  
 
 
 
Stochastic Process 
 
 Ensembles of random functions of time (or space) are referred to as stochastic 
processes.  For fixed time, a stochastic process becomes a random variable.  Every 
sample of  a stochastic process is a time function. 
 

 
Statistics of a stochastic process may be evaluated similar to those of a random variable. 
For example, the mean value is given as 
 

( ){ } ( )∫
+∞

∞−
= dxt,xxftXE X   

    
Time Average 
 
 Time averaging over an interval (0,T) is defined as  
 

 ( ) ( ) ( ){ }tXEdttX
T
1tX

T

0
≈= ∫  

 
Autocorrelation 
 
 The autocorrelation of a random process is defined as  
 

 ( ) ( ) ( ){ } ( ) ( )∫ τ+=τ+=τ
T

0xx dttXtX
T
1tXtXER  

X(t)

t 
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where τ  is the time difference, an it is assumed that X(t) is a stationary random process. 
Note that  
 
 ( ) ( ){ } ( )tXtXE0R 22

xx ==  
 
Energy Spectrum 
 

 ( ) ( )∫
+∞

∞−

ωτ− ττ=ω dReS xx
i

xx  

 

 ( ) ( )∫
∞+

∞−

ωτ ωω
π

=τ dSe
2
1R xx

i
xx  

 
It may be shown that 
 

( ) ( )2

xx X~
T
1S ω=ω , ( ) ( )∫

+∞

∞−

ω−=ω dttXeX~ ti  

 
Linear Systems 
 

Consider a linear system with impulse response h(t) and a system function )(H ω  
for ( ) 00X =  as shown schematically in the figure. 

 

 
 

The solution then is given as  
 

  ( ) ( ) ( )∫ τττ−=
t

0
dfthtX   

 
where 
 

More generally, 
 

 ( ) ( ) ( ) ( ) ( )tf*thdfthtX =τττ−= ∫
+∞

∞−
 

 

Taking Fourier Transform   ( ) ( )∫
+∞

∞−

ω−=ω dttheH ti  

 

( )
( )ωH
th

f(t) X(t)
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 ( ) ( ) ( )ωω=ω f~Hx~  
 

 ( ) ( ) ( ) ( ) ( ) ( )ωω=ωω=ω=ω ff
2222

xx SHfH
T
1x

T
1S  

 
 ( ) ( ) ( )ωω=ω ff

2
xx SHS  

 
For 

( )tfxx =α+& , 
 
( ) teth α−=  

 
For 
 
 ( )tfxx2x 2

00 =ω+ζω+ &&& , 
 

 ( ) tsine1th d
t

d

0 ω
ω

= ζω−  2
0d 1 ζ−ω=ω  

 



   

ME437/537  G. Ahmadi 19

Useful Integrals 
 

 ( ) ( ) ( ) ( ) ( ) ⎥⎦
⎤

⎢⎣
⎡ ′′′−′′+′−=∫ ...xP

a
1xP

a
1xP

a
1xP

a
edxxPe 32

ax
ax  

 

 ( )
22

ax
ax

ba
bxcosbbxsinaebxdxsine

+
−

=∫  

 

 ( )
22

ax
ax

ba
bxsinbbxcosaebxdxcose

+
+

=∫  

 

 2a
axcosaxaxsinaxdxsinx −

=∫  

 

 2a
axsinaxaxcosaxdxcosx +

=∫  

 
 xaxlnxaxdxln −=∫  

 

 
4
xaxln

2
xaxdxlnx

22

−=∫  

 

 ∫
−

= 2a
axsinhaxcoshaxaxdxsinhx  

 

 ∫
−

= 2a
axcoshaxsinhaxaxdxcoshx  

 

 ⎟
⎠
⎞

⎜
⎝
⎛=

+
−∫ a

xtan
a
1

xa
dx 1

22 , 
ax
axln

a2
1

a
xtanh

a
1

xa
dx 1

22 +
−

=⎟
⎠
⎞

⎜
⎝
⎛=

−
−∫  

 

 ⎟
⎠
⎞

⎜
⎝
⎛=

−
−∫ a

xsin
xa

dx 1
22

 

 

 ( )22

22
ln axx

ax
dx

±+=
±

∫  

 

 ⎟
⎠
⎞

⎜
⎝
⎛ −=∫ a

1x
a

exdxe
ax

ax  
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Vector Identities 
 
 0u =×∇⋅∇

r  ( ) 0=ϕ∇×∇  
 
 ( ) uuu 2rrr

∇−⋅∇∇=×∇×∇  
 

 ( )uu
2
uuu

2 rrrr
×∇×−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∇=∇⋅  

 
 ( ) ( ) ( )vuuvvuuvvu rrrrrrrrrr

⋅∇−⋅∇+∇⋅−∇⋅=××∇  
 
 ( ) vuuvvu rrrrrr

×∇⋅−×∇⋅=×⋅∇  
 
 ( ) ( ) ( )vuuvvuuvvu rrrrrrrrrr

×∇×+×∇×+∇⋅+∇⋅=⋅∇  
 
Stokes Theorem 
 
 ( )∫∫ ⋅×∇=⋅

sc
dsucdu rrr   

     
Divergence Theorem 
 
 ∫ ∫ ⋅=⋅∇

V S
sdudVu vrr       


