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Preface

This volume contains the joint proceedings of the 23rd Intenational Uni cation
Workshop (UNIF 2009), and of the Workshop \Automated Deduction: Decid-
ability, Complexity, Tractability”, which were held on Aug ust 2, 2009, at the
Trottier building at McGill University in Montreal, Canada

UNIF is the main international meeting on uni cation. Previous U NIF work-
shops were held in Val D'Ajol, France (1987), Val D'Ajol, France (1988), Lam-
brecht, Germany (1989), Leeds, England (1990), Barbizon, Fance (1991), Dagstuhl,
Germany (1992), Boston, USA (1993), Val D'Ajol, France (199), Sitges, Spain
(1995), Herrsching, Germany (1996), Orkans, France (199), Rome, Italy (1998),
Frankfurt, Germany (1999), Pittsburgh, USA (2000), Siena, Italy (2001), Copen-
hagen, Denmark (2002), Valencia, Spain (2003), Cork, Irelad (2004), Nara,
Japan (2005), Seattle, USA (2006), Paris, France (2007), ash Hagenberg, Aus-
tria (2008). UNIF 2009 was held as a workshop at the Conferereeon Automated
Deduction. UNIF 2009 had one invited talk by Catherine Meadows (A Crypto-
grapher's Garden of Equational Theories: Interesting Uni cation Problems from
Cryptography).

ADDCT 2009 is the second in a series of workshops dedicated to Automated
Deduction: Decidability, Complexity, Tractability. The p revious ADDCT work-
shop was held in Bremen, Germany on July 15th, 2007, togethewith the 21st
Conference on Automated Deduction (CADE 21). The goal of ADDCT is to
bring together researchers interested irDecidability (in particular decision pro-
cedures based on logical calculi such as: resolution, rewirig, tableaux, sequent
calculi, or natural deduction; but also decidability in combinations of logical
theories); Complexity (especially complexity analysis for fragments of rst- (or
higher) order logic and complexity analysis for combinatios of logical theories
{including parameterized complexity results); Tractability (in logic, automated
reasoning, algebra); andApplication domains for which complexity issues are
essential (e.g. veri cation, security, databases, ontolgies).

Many people helped to make UNIF 2009 and ADDCT 2009 a succes#$n par-
ticular, we wish to thank Brigitte Pientka, the conference chair of CADE 2009.
We are also grateful to the members of the Program Committee bUNIF 2009
and ADDCT 2009.
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A Cryptographer's Garden of Equational
Theories: Interesting Uni cation Problems from
Cryptography

Catherine Meadows

Center for High Assurance Computer Systems
Naval Research Laboratory
Code 5543, Washington, DC 20375
e-mail meadows@itd.nrl.navy.mil

Abstract. Cryptographic protocol analysis is of a growing area of apptation
of results from theoretical computer science. One prominenemerging area is
the automated analysis of protocols in which the cryptogragic algorithms obey
di erent equational theories. In particular, this is a grow ing area of application
for uni cation, and is a rich source of uni cation problems. In this talk we give
an introduction to the application of uni cation to this pro blem, and a survey
of the various theories of interest that arise. We also desdbpe the state of the
art and open problems.



Order-Sorted Uni cation
with Regular Expression Sorts
(Work in Progress)

Temur Kutsial? and Mircea Marin2??

! Research Institute for Symbolic Computation
Johannes Kepler University Linz, Austria
2 Graduate School of Systems and Information Engineering
University of Tsukuba, Japan

Abstract. We extend rst-order order-sorted uni cation by permittin g
regular expression sorts for variables and in the domains of function
symbols. The set of basic sorts is nite. The corresponding uni cation
problem is in nitary. We conjecture that this uni cation pr ~ oblem is de-
cidable and give a complete uni cation procedure.

1 Introduction

In rst-order order-sorted uni cation [15], the set of basic sort S is assumed to
be partially ordered, variables are of basic sorts 2 S and function symbols have
sorts of the formw ! s wherew is a nite word over S ands2 S. In this paper,
we require S to be nite and extend the framework by introducing regular ex-
pression sortsR over S, allowing variables to be of sortsR and function symbols
to have sortsR! s. Another extension is that overloading function symbols is
allowed. Under some reasonable conditions imposed over ttegnature accord-
ing to [7], our terms have a least sort. We call the obtained poblem regular
expression order-sorted uni cation (REOSU) and show that it is in nitary, con-
jecture that it is decidable and give a complete uni cation procedure. REOSU
extends some known problems as it is shown on the diagram belo illustrating
its relations with syntactic uni cation (SYNU [11]), word u ni cation (WU [13]),
order-sorted uni cation (OSU [15]), sequence uni cation (SEQU [10]), and word
uni cation with regular constraints (WURC [13]):

REOSU

L

osu SEQU WURC

NN

SYNU wu

? Supported by JSPS Grant-in-Aid no. 20500025 for Scienti ¢ R esearch (C).

?? Supported by the European Commission Framework 6 Programme for Integrated
Infrastructures Initiatives under the project SCIEnce|Sy mbolic Computation In-
frastructure for Europe (Contract No. 026133).
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Following the arrows, from OSU one can obtain SYNU by restriding the sort
hierarchy to be empty; SEQU problems without sequence varibles (i.e., with
individual variables only) constitute SYNU problems; on the other hand, WU is
a special case of SEQU with constants, sequence variablesychonly one exible
arity function symbol for concatenation; WU is also a specia case of WURC
where none of the variables are constrained; from REOSU we caget OSU
(but with nitely many basic sort symbols only, because this is what REOSU
considers) if instead of arbitrary regular sorts in function domains we allow only
words over basic sorts, restrict variables to be of only basi sorts, and forbid
function symbol overloading; SEQU can be obtained if we regict REOSU with
only one basic sort, says, the variables that correspond to sequence variables in
SEQU have sorts , individual variables are of sort's, and function symbols have
the sort s | s; nally, the WURC can be obtained from REOSU by the same
restriction that gives WU from SEQU and, in addition, identi fying the constants
there to the corresponding sorts.

Order-sorted uni cation described in [12,16] extends OSU ffom [15] in the
way that is not compatible with REOSU.

In this paper we are dealing with REOSU in the empty theory (i.e., the
syntactic case). As a future work, it would be interesting to see how equational
OSU [9, 8] can be extended with regular expression sorts.

The paper is organized as follows: In Sect. 2 we give basic deitions and
recall some known results. In Sect. 3 algorithms operating @ sorts are given.
Sect. 4 discusses decidability issues and describes a coetpl uni cation proce-
dure. Sect. 5 concludes. Proofs can be found in the appendix.

For uni cation, we use the notation and terminology of [5]. For the notions
related to sorted theories, we follow [7].

2 Preliminaries

Sorts. We consider a nite set B of basic sorts, partially ordered with the relation

. Its elements are denoted with lower case letters irsans serifont. s r means
s rands6 r. Regular expression sorts (shortly, sorts) are regular ex@ssions
over B, built in the usual way: R::= sj1jRi:R; jRi+ R j R :

The set of all regular expression sorts is denoted bfr. We use capital SANS
SERIFfont letters for them. They de ne the corresponding regular language in
the standard way: [s] = fsg, [1] = f g, [Ri:R2] = f(51;%2) ] &1 2 [Ri];s2 2
[Rz]o, [Ri+Re]=[Ra]l[ [R2], [R 1=1[R] , where stands for the empty word.

We extend the ordering to words of basic sorts of equal lengths by, s,

i rpi S rp forall 1 i n. This ordering is extended to sets of words
of basic sorts, deningS; S, i for each wy; 2 S; there isw, 2 S; such that
wy  Wy. Finally, we order the regular expression sorts with ,dening Ry Ry

i [Ri] [R]. R RrandR, Rpthenwewrite R;' Rp. If Ry R;and
not R, Ry, then Ry Ro.

The set of all -maximal elements in a set of sortsS R is denoted max().
R is a lower bound of Sif R Q for all Q 2 S. A lower bound G of S is the
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greatgst lower bound, denoted glbg), if R G for all lower bounds R of S. The
sort (g S Iis the top sort and is denoted by>. Obviously, R > for any R.

Terms. For eachR we assume a countable set of variablegg such that Vg, = Vg,

i Ri' RyandVg,\V g, = ; if Ry 6' Ry. Also, we assume as a signature a family
of sets of function symbolsfF rs j R 2 R;s 2 Bg such that Fg,:s, = Fr,:s, |
Ri:s1 ' R2:s. Moreover, the following conditions should be satis ed:

{ Monotonicity: If f 2FRg,:s, \F r,:;s, and Ry Ry, thens  s.

{ Preregularity: If f 2 Fg,.s;, and R, Ry, then there is a -least element in
the setfsjf 2Frsand R, Rg.

{ Finite overloading: For eachf, the setfF rsjf 2 Frsgis nite.

We say that R is a sort of x if x 2 Vg. Similarly, R:sis a sort off if f 2 Fris.
Function symbols from Fi.¢ are called constants. We use the lettersa; b; cto
denote them. maxsort(f ) denotes the set maxtR:isj f 2 Fr.sg). We will write
f :R! sforf 2Fgrs, a:sfora?2Fis andx : R for x 2 Vg. Setting
V 2[ ror Vr @and F = [ ror :s28 Fr:s, We de ne the set of sorted terms (or, just
terms) T (F;V) over F and V as the least family fTr(F;V) j R 2 Rg of sets
satisfying the following conditions:

{ Vv TRr(F;V).

{ TRl(F;V) T RZ(F;V) if R Ro.

{ Iff :R! sand1l R, thenf()2TsF;V).

{ ff:R! st 2Tg(F;V)ford i n,n 1 ,suchthatR;: R, R,

We abbreviate termsa( ) with a.

Lemma 1. For each term t there exists a -minimal sort R that is unique
modulo' such thatt 2 Tr(F; V).

This -minimal sort R is called the sort of t and is denoted by sort(t). In
the same way, the sort of a term sequencet{;:::;ty), n 1, is de ned uniquely
modulo ' as sort(t;):  :sort(t,) and is denoted by sort((t1;:::;tn)). When
n =0, i.e., for the empty sequence,sort( ) = 1.

The set of variables of a termt is denoted by var(t). A term t is ground if
var(t) = ;. These notions extend to term sequences, sets of term seques, etc.
For a basic sorts, its semantics sen\(s) is the set Ts(F) of ground terms of sort
s. Semantics of a regular sort is given as a set of ground term gaences of the
corresponding sort:sem(1) = f g; sem(R1:R2) = f(s1;%2) j 51 2 sem(Ry); s 2
sem(R2)g; sem(R1+ Ry) = sem(Ry) [ sem(Rz); sem(R ) = sem(R) : This de ni-
tion, together with the de nition of and Tr(F;V) implies that if R Q, then
semR) sem(Q).

Substitutions. A substitution is a well-sorted mapping from variables to se
quences of terms, which is identity almost everywhere. (A gigleton sequence
is identi ed with its sole member.) Substitutions are denoted with lower case
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Greek letters, where" stands for the identity substitution. Well-sortedness of

means that sort( (x)) sort(x) for all x. The notions of substitution appli-
cation, term and term sequence instances, substitution comosition, restriction,
and subsumption are de ned in the standard way. We use post x notation for
instances, juxtaposition for composition, and write x # for subsumption
meaning that is more general than# on the set of variablesX.

Lemma 2. For a term t, a term sequencet; and a substitution we have
sort(t ) sort(t) and sort(t") sort(t).

Equation is a pair of term sequences, written as< t: A regular expression
order sorted uni cation or, shortly, REOSU problem is a nite set of equations
between sorted term sequence$s; = ti;:::;sn, = thg. A substitution is a
unierof ifs =t foralll 1 n.A minimal complete set of uniers of

is a setU of uniers of  satisfying the following conditions:

{ Completeness: For any unier# of thereis 2 U such that var () #.
{ Minimality: If there are 1; 22 Usuchthat 1 o () 2,then 1= ».

We also consider aclosure R of a sortR, de ned as follows:s= |, (r,1=1,

Ri:R; = Ri:Ry, Ri+R; = Ri+Ry, R = R . Closure makes operations on sorts
considered later easier.

Lemma 3. Let SR2R.ThenS Ri [ [RI.
Corollary 1. Let SSR2R.ThenS' Ri [S]=[RI:

Linear Form and Split of a Regular Expression. We recall the notion of linear
form for regular expressions from [2], adapted the notatiorto our setting, using
the set of basic sortsB for alphabet: The pair (s;R) is called a monomial. A
linear form of a regular expressiorR, denotedIf (R), is a nite set of monomials
de ned recursively as follows:

If (1) = ; f(R)=If(R) R
If (9 = f(s1)g fF(RQ=IF(R Q if 2[R]
If (s+1)= If (9 If (r) f(RQ) = If(R) Q[ f(Q) if 2[Rl

These equations involve an extension of concatenation that acts on a linear
form and a regular expression and returns a linear form. Itisde ned as| 1= 1
andl Q=1f(s5SQ)j(sS21;S61g[f (5Q)j(s1)2Igif Q6 1:

As an example|f (R) = f(s;R);(s;s(sstr) );(r;(sistr) )gforR= s :(sistr) .
The setlf (R) is de ned asfsQj (s;Q) 2 If (R)g.

De nition 1 (Split). Let S2 R. A split of Sis a pair (Q;R) 2 R? such that
(1) QR Sand (2 if (Q%RY2R2, Q Q%R RY%andQ*R® S then
Q' Q%andR' R%

We recall the de nition of 2-factorization from [6]: A pair ( Q;R) 2 R? is a
2-factorization of S2 R if (1) [Q:R] [S] and (2) if (Q%RY) 2R?, [Q] [QY.
[RI [R and [Q%RY [S], then [Q] = [Q] and [R] = [RY:
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Lemma 4. (Q;R) is a splitof Si (Q;S) is a 2-factorization of S.

In [6] it has been shown that regular expressions admit nite factorization:
The number of left factor-right factor pairs is nite. Moreo ver, they can be e ec-
tively computed. By the lemma above regular expressions adih nite splitting.
For instance, we can splits :rir into (s ;s :r:r ) and (s :rir ;r).

3 Algorithms for Sorts

Deciding . If we did not have ordering on basic sorts, would be the stan-
dard inequality for regular word expressions which can be deded, for instance,
by Antimirov's algorithm [1] that employs partial derivati ves. The problem is
PSPACE-complete, but this rewriting approach has an advantage over the stan-
dard technique of translating regular expressions into aubmata: With it, in some
cases solving derivations can have polynomial size, whileng algorithm based
on translation of regular expressions into DFA's causes anx@onential blow-up.

In our case, we can rely on the propertyS Ri [S] [R], proved in
Lemma 3. To decide the later inclusion, we do not need to takerito account
ordering on basic sorts. Hence, it can be decided by the origal Antimirov's
algorithm on Sand R.

Computing Greatest Lower Bounds. A greatest lower bound of regular expres-
sions would be their intersection, if we did not have orderirg on the basic sorts.
Intersection can be computed either in the standard way, by tanslating them
into automata, or by Antimirov & Mosses's rewriting algorit hm [3] for regu-
lar expressions extended with the intersection operator. @mputation requires
double exponential time.

Here we can employ the regular expression intersection algithm to compute
a greatest lower bound, with one modi cation: To compute intersection between
two alphabet letters, instead of standard check whether thg are the same, we
compute the maximal elements in the set of their lower bounds There can be
several such maximal elements. This can be easily computedabed on the or-
dering on basic sorts. Then we can take the sum of these elentsnand it will
be their greatest lower bound. This construction allows to @mpute a greatest
lower bound of two regular expressions, which is unique moda ' .

An implementation of Antimirov-Mosses algorithm (see [14) requires only
minor modi cation to deal with the ordering on alphabet lett ers (basic sorts).
Hence, forS and R we compute here glbg; R) and we know that if Q is a regular
expression with [Q] =[S]\ [R], then glb(S;R)' Q.2

Computing Weakening Substitutions. Now we describe an algorithm that com-
putes a substitution to weaken the sort of a term sequence toards a given sort.
The necessity of such an algorithm can be demonstrated on theimple example:

3 We say that the computation of glb fails, if the (modi cation  of) Antimirov-Mosses
algorithm returns 0, and express it glb( S;R) = 2.
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Assume we want to unifyx and f (y) for x : s, f :R;! s,f :Ry! s,y :Rs.
Assume the sorts are ordered a®; Rz, s1 s . Then we can not unify x
with f (y) directly, becausesort(f (y)) = s, 6 s= sort(x). However, if we weaken
the sort of f (y) to s, then uni cation is possible. To weaken the sort off (y),
we take its instance under the substitutionfy 7! wg, wheresort(w) = Ry, which
gives sort(f (w)) = s;. Hence, the substitution fy 7! w;x 7! f (w)g is a unier
of x and f (y), leading to the common instancef (w).

A weakening pair is a pair of a term sequencéand a sort Q, written t Q.
A substitution ! is called aweakening substitutionof a setW of weakening pairs
i sort(tt) Qforeachtt Q2 W.

The algorithm W that is supposed to compute weakening substitutions for a
given set of weakening pairs, works by applying exhaustivgithe following rules,
selecting a weakening pair and transforming it in all possille ways:

R-w: Remove a Weakening Pair
ftr Qg[ W; =) W; if sort(t) Q.

D1-w: Decomposition 1 in Weakening

f(f(0;s) Qg[W; =)f f(t) ss Sg[W;
if sort((f (t);s) 6 Q, var((f(t);s)) 6 ;,s6 and sS2 max(If (Q)).

D2-w: Decomposition 2 in Weakening
f(x;s) Qa[ W; =)f x Quis  Qg[ W;
if sort((x;s)) 6 Q,s6 and (Q1;Q2) is a split of Q.

AS-w: Argument Sequence Weakening
ff() Qg[w; =)f t Rg[W;
where sort (f (t)) 6 Q, var(f (t)) 6 ;, Rrr 2 maxsort(f), and r Q.

V-w: Variable Weakening
fx Qg[W; =) W ; fx7! wg
where w is a fresh variable with sort(w) = glb( f sort(x); Q)g).

F1-w: Failure 1 in Weakening
ft Qg[ W; =)? ; ifsort(t)6 Qandvar(t)= ;.

F2-w: Failure 2 in Weakening

ff(M Qg w; =)?
if sort(f (t)) 6 Qandr6 Q for eachr with f : R! .

F3-w: Failure 3 in Weakening
fx Qg[W; =7 ; if glb(fsort(x);Qg) = ?.

By the exhaustive search described above, a complete searttke is generated
whose branches fornderivations. The branches that end with ? are called failing
branches. The branches that end with; ;! are called successful branches and
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is a substitution computed by W at this branch. The set of all substitutions
computed by W on the set of weakening pairsW is denoted by weak(W). It is
easy to see that the elements ofveak(W) are variable renaming substitutions.

It is essential that the signature has the nite overloading property, which
guarantees that the rule AS-w does not introduce in nite branching. Since the
linear form and split of a regular expression are both nite, the other rules do
not cause in nite branching either. W is terminating, sound, and complete, as
the following theorems show.

Theorem 1. W is terminating.
Theorem 2. W is sound: Each! 2 weak(W) is a weakening substitution ofw .

Theorem 3. W is complete: For every weakening substitutiorl © of W there
exists! 2 weakW) such that! a5 w) ! °

Example 1. Let W = fx g; f (x) sg be a weakening problem withx : r,
f:s! s f:r! randthesortsry rr, rr; o2 QS [I1,S I
Then the weakening algorithm computesweak(W) = ff x 7! z;w 7! zgg where
w:rn+rpandz:s.

Example 2. Let W = f(X;y) s :rir g be a weakening problem withx : g;:p;,
y : Q,:p,, and the sortss o1, S Q2. r p1, I p2. Then the weakening
algorithm computes weak(W) = ff x 7! uy;y 7! vig;fx 7! uz;y 7! vogg where
Up :S:r,vy:r,uz:s andvp:s:rr .

Example 3. Let W = fx g gbe aweakening problem withx : r and the sorts
S LS LSS O0,% qpr S, P2 S Then the weakening algorithm
computesweak(W) = ff x 7! wggwherew : (s;+s) .

4 Uni cation Type, Decidability and Uni cation
Procedure

Uni cation Type. Let  be a REOSU problem and seq its version without
sorts, i.e. a SEQU problem. Each unier of (e is either an unier of ggq Or is
obtained from an uni er of s¢q be composing it with a weakening substitution as

follows: If = fxy 7! t3;:::; %X 7! thgis a unier of geq, then the set of weak-
ening substitutions for is () = weak(fty  sort(xi);:::;th sort(xn)0Q).
Foreach! 2 (), ! isaunierof . Since SEQU is in nitary, the type

of REOSU can be either in nitary or nullary, and we show now that it is not
nullary.

Let Sgeq be a minimal complete set of uniers of sq and S be the set
containing the uni ers of ¢ that are either in Sgeq Or are obtained by weakening
uniersin Se. Sincef ! j! 2 ( )gis nite for each , we can assume that
Sre contains only a minimal subset of it for each . The set S, is complete.
Assume by contradiction that it is not minimal. Then it conta ins °and #° such
that 0 o ( ) #° i.e, there exists’ Osuch that © 0=, ( ) # If #02 S,
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then we have %=1 "%=_ y #%foran! 2 (), which contradicts
minimality of Seeq. If °2 Sseq, then © 0= ) #°= #! 4 where! 4 2 (#).
Since ! 4 is variable renaming, © % ' =, «) #, which again contradicts
minimality of Seeq. Both %and #°can not be from Sseq becauseSeeq is minimal.
If neither ©nor #°is in Sseq, then we have ! ' 0= 0 0= v #0=#,
and again a contradiction: ! ' % .t =, ) #

Hence, for any (. there is a complete set of uni ers with no two elements
comparable with respect to 4 ( ), Which implies that . has a minimal
complete set of uni ers and REOSU is not nullary.

Is REOSU Decidable? In this subsection we reduce solvability of REOSU to
solvability of a uni cation problem in the union of two disjo int theories: word
uni cation with regular constraints and order-sorted synt actic uni cation with
nitely many sorts. Sort symbols can be shared. Each of thesgroblems is de-
cidable [13, 16], but we do not know whether it implies decidaility of REOSU.
A version with regular constraints (or an order-sorted verson) of Baader-Schulz
combination method [4] would imply it, if the restrictions o n the ingredient the-
ories remain as reasonable as for the unsorted case (e.g.dar constant restric-
tions). However, we are not aware of any work on such a combirieon method.
Here we describe solvability-preserving transformationsthat transform a
given REOSU problem ; into a problem of the union theory. First, we use
variable abstraction on ;, replacing each subterm at depth 1 or deeper with
a fresh variable of the same sort. For instance, with this transformation from
= fx = f(a(y);a);a(x;f (2)).= g(f (2); x)g we obtain a new REOSU problem
2= fx = f(uv);u=g(y);v=a;glx;w) = g(w;x);w = f(z)g.
In , there can be equations of the formx = t such that sort(t) 6 sort(x).
If t is ground, we can immediately stop with failure. Otherwise, we weakent
towards sort(x), apply weakening substitutions on , obtaining nitely many
instances, and repeat this step on each instance until we re&a uni cation prob-

lems 3;:::; X such that each equation of the formx = t in them satis es
sort(t) sort(x). The problems where it is not possible are discarded as unse
able. i is solvablei j; is solvable forsome 1 i k.

Now, 3's are transformed as follows: First, we introduce a new ledssort n
and a new function symbolconc: >! n. Next, we introduce new function sym-
bolsf%:n! sforeachf : R! s The obtained signature is denoted byF °. Then,
every term in 3 of the form f (x1;:::;%,) is replaced by f qconc(xy;:::;Xn)).
The new problem is denoted with 4. This transformation preserves solvability:
If is a solution of 3, then 4 has a solution © obtained from with the same
transformation as 4 was obtained from 3. On the other hand, if ° solves 4,
we can obtain from it by getting rid of conc and replacing eachf ®with f . The
obtained mapping is well-sorted and, therefore, is a substiition. It solves 3.

4 is a uni cation problem over the union of two disjoint signat ures: F ° and
f concg. The signature F ° contains unary function symbols only, whose domain
sort is n. We have only basic sorts (not regular expression sorts) inHis theory,
and they are nitely many. The theory with the signature conc can be seen as
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elementary word uni cation problem with regular expression sorts. Hence, 4 is
a uni cation problem in the combination of two disjoint theo ries that share basic
sorts: One is a rst-order order-sorted uni cation with ni tely many sorts and
the other one is word uni cation with regular expression soits. Decidability of
the rst one follows for decidability of elementary order-sorted uni cation [16].
Decidability of the second one follows from decidability ofword uni cation with
regular constraints, because one can encode the sort infolation as regular con-
straints over an extended alphabet. What is left to show is that the Baader-
Schulz method remains correct in the presence of regular catraints (or in the
order-sorted case). We conjecture this is true, but do not hae a formal proof at
the moment of writing this paper.

Conjecture 1. REOSU is decidable.

Uni cation Procedure. To compute uniers for a REOSU problem, we could
employ the SEQU uni cation procedure and then weaken each cmputed sub-
stitution. However, this is a generate and test approach tha can be made better
if we tailor weakening in the uni cation rules. This is what w e do now.

The rules for REOSU procedure below transform a pair of a unication prob-
lem and a substitution into either again such a pair.

P: Projection

;=) #OH
for#=fx1)7! ;iinXp 70 ogwith x; 2 var( )and 1 sort(x;)forl i n.
T: Trivial
fr2 gl 5 =)
TP: Trivial Pre x
f(k=(£9g[ ; =)f t=sg[ ;; fr6 andt6s.

D: Decomposition

FEO2(F(9gl ; ) 28029
if glb(f sort(f (£));sort(f (s))g) 6 ? and t'6 s.

O: Orient

fE=(x9gl ; =)f (x9=(tDg[ ;;  wheret2V.
WKE1: Weakening and Elimination 1

f(x;0) =(s;99[ ; =)f t=sg#[ #;#

wheres 2V, x 2 var(s), ! 2 weak(fs sort(x)g),and#="! [f x 7! s! g.

WKE2: Weakening and Elimination 2

OG0 =(y;9gl ; =)f t=sgt[ #;#
where # = fx 7! w;y 7! wg for a fresh variable w whose sort sort(w) =
glb(f sort(x); sort(y)g) and sort(w) 6' 1.
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WkWd1: Weakening and Widening 1

fxn=(s;99l ; =)f () =sgh[ #.#
if s2V, x 2 var(s), there is (;R) 2 If (sort(x)) with R6'1,! 2 weak(fs rg),
z is a fresh variable with sort(z) = Rand#="! [f x 7! (s!;z)g.

WkWd2: Weakening and Widening 2

foat)=(y;9)gl ; =)f () =sg#[ #;#
where (S;R) is a split of sort(x) such that R 6' 1, w is a fresh variable with
sort(w) = glb( f S; sort(y)g) and sort(w) 6' 1, z is a fresh variable with sort(z) =
R,and#= fx 7! (w;2);y 7! wg.

WKWd3: Weakening and Widening 3

foat)=(y;9)gl ; =)f () =sg#[ #;#
where (S;R) is a split of sort(y) such that R 6' 1, w is a fresh variable with
sort(w) = glb( f S; sort(x)g) and sort(w) 6' 1, z is a fresh variable with sort(z) =
Ryand#=fx 7! w;y 7! (w;2)g.

Note that sort(w) 6' 1 in WkWd2 and WkWd3 implies that in those rules
S6'1.
We denote this set of transformation rules with T.

Theorem 4 (Soundness). The rules in T are sound.

To solve an uni cation problem , we create the initial pair ;" and rst
apply the projection rule to it in all possible ways. From ead obtained problem
we select and equation and apply the other rules exhaustivglto that selected
equation, developing the search tree in a breadth- rst way.If no rule applies, the
problem is transformed? . The obtained procedure is denoted byP ( ). Branches
in the search tree formderivations. The derivations that end with ? are failing
derivations. The derivations that end with ;;' are successful derivations The
set of all' 's at the end of successful derivations oP ( ) is called the computed
substitution set of P( ) and is denoted by comp(P ( )). From Theorem 4 by
induction on the length of derivations one can prove that evey ' 2 comp(P ( ))
is a uni er of

One can observe that under this control, variables are repleed with only
at the projection phase. In particular, no variable introduced in intermediate
stages gets eliminated with or replaced by a variable whose sort is 1.

Theorem 5 (Completeness). Let be a REOSU problem with a unier #.
Then there exists 2 comp(P ( )) such that 5 ( ) #.

Note that the set comp(P ( )), in general, is not minimal.*

* However, if in the rules WKE1 and WKEZ2 the substitution ! is selected from a minimal
subset of the corresponding weakening set, one can show thacomp(P ( )) is almost
minimal. (Almost minimality is de ned in [10]). We do not go i nto the details here.
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5 Conclusion

We studied uni cation in order-sorted theories with regular expression sorts.
We showed how it generalizes some known uni cation problemsconjectured its
decidability and gave a complete unication procedure. As the language can
model quite naturally DTD and in some extent, XML Schema, one can see
a possible application (perhaps of its fragments) in the ara related to XML

processing.
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A Proofs of Lemmas and Theorems

Lemma 1. For each term t there exists a -minimal sort R that is unique
modulo' such thatt 2 Tr(F; V).

Proof. By structural induction. Let t be a variablex 2 V. Assumex 2 Tq(F; V)
for someQ. Itimplies that x 2 Vqowith Q° Q. Thenx 2 VR\V qo, which implies
R' Q° Hence,Ris the unique -minimal sort modulo ' with x 2 Tr(F;V).

If t is a constant, the lemma follows from the monotonicity condtion.

If t = f(ti;:::;tn), then, by the induction hypothesis, eacht; has the -
minimal sort R;, 1 i n, that is unique modulo ' . Let f : Q! q such that
Ri:  :Rn Q. By preregularity, there exists a -least s such thatf : S! s
and R;: R, S Hence,sisthe -minimal sort suchthatt2 T T¢(F;V). w

Lemma 2. For a term t, a term sequencet; and a substitution we have
sort(t ) sort(t) and sort(t) sort(t).

Proof. We prove sort(t )  sort(t) by induction on term structure. If t is a
variable, then the lemma follows from the de nition of substitution. If t = f ()
then it is obvious. If t = f(ty;:::;ty), n 1, then by the induction hypoth-

To prove sort(t-)  sort(t), we use induction on the length oft: If the length
is 0, then the lemma is obvious. Otherwise, let-be (t; t9). By the case above we
havesort(t ) sort(t). By the induction hypothesis we getsort(t® )  sort(t9).
Therefore, sort(t ) = sort((t;t9 ) sort((t; t9) = sort(t). u

Lemma 3. Let SR2R.ThenS Ri [S] [RI.

Proof. Forany Q 2 R and v 2 [Q], let v#Q := fw 2 [Q] j w vg: By the
de nition of closure, we have that f max(v#Q) j v 2 [Q]g = [ Q]. Now, we can
reason as followsS Ri [S] [R]i fmax(v#S)jv 2 [Sl]g f max(v#R) j
v2[Rlgi [ S] [RI: u

Lemma 4. (Q;R)is a splitof Si (Q;S) is a 2-factorization of S.

Proof. (Q;R)isasplitof Si (1) QR Sand 2)if (QRY2R?,Q Q°R
R and Q®R® S, then Q' Q%and R' R% By Lemma 3, these conditions are
equivalent to (1) [Q:R] _[S] and (2) if (Q%R) 2R2, [Q] [QY [R] [RY,
and [Q%RY [S], then [Q] = [QY and [R] = [RY: It is not hard to see that (1)
and (2') are the same as saying that Q; S) is a 2-factorization of S. u

Theorem 1. The algorithm W is terminating.

Proof. The complexity measure of a weakening pait- Q is 1 + the denota-
tional length of t; and the complexity measure of a setW of weakening pairs
is the multiset of the complexity measures of its constituem weakening pairs.
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The multiset extension of the standard ordering on nonnegaie integers is well-
founded. The rst ve rules in W strictly decrease the measure for the sets they
operate on, and the failure rules cause immediate terminatin. Hence,W is ter-
minating. u

Theorem 2. The algorithm W is sound: Every! 2 weak(W) is a weakening
substitution of W.

Proof. It is enough to show that if a rule in W transforms Wy; into W,; #
and ' is a weakening substitution for W, then # is a weakening substitution
for W;. For R-w, Lemma 2 implies it. For D1-w it follows from two facts: First,
if £S2 max(If (Q)) then ssS Q, and second, -monotonicity of concatenation:
If Ry Q: and R, Q> then R::Ry Q::Q,. For D1-w it follows from -
monotonicity of concatenation and from the de nition of split. For AS-w, it
is implied by the de nition of maxsort, for V-w by the de nition of glb and
Lemma 2. u

Theorem 3. The algorithm W is complete: For every weakening substitution
I 9of W there there exists! 2 weak(W) such that! yars (w) ! °

Proof. We construct the desired derivation recursively. The initial pair is W;".
Assume that W;; ; belongs to the derivation. Then there exists' such that

i =var(w) ! % Moreover, ' is a weakening substitution of W ; and W;. We
want to extend the derivation with Wi+1; j+1 such that i1 var (w) ! 0 Let
- Q be the selected weakening pair inWV;. If sort(r) Q, we proceed with
R-w. If sort(+) 6 Q, we have several cases depending on the shaperof ~

{ F=(f(D;s), s6 .ris notground, otherwise' would not be its weakening
substitution. We select S 2 max(If (Q)) such that sort(f (t)' ) s and
sort(s') Q and proceed with D1-w. Then ' is a weakening substitution
of Wiss and jx1 = i varqw) ! %

{ F=(X%;8), 56 .We selecta split @Q1;Q2) of Qsuchthatsort(x' ) Q;and
sort(s') Qg and continue with D2-w. Again, ' is a weakening substitution
of Wisp and ix1 = i varqw)!'®

{ == f (D). ris not ground, otherwise' would not be its weakening substitu-
tion. We selectR and s such that Rir 2 maxsort(f ), r Q, andsort(t") R
SuchR and r exist, because weakensW,;. Then we continue with the rule
AS-w. ' is a weakening substitution of Wi41 and jv1 = i var(w) ! 0

{ F= x. Then there exists w with sort(w) = glb( sort(x); Q) such that ' =
fx 7! wg' ° We select such aw and continue derivation with V-w and the
substitution # = fx 7! wg. Then' %is a weakening substitution ofW;.,; and

is1 = it varwy !0

Hence, we constructed the desired extension in all the caseSince the algo-
rithm is terminating, the derivation reaches a success end;! with the property

| 10 u

. vars (W) - -

Theorem 4 (Soundness). The rules in T are sound.
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Proof. Itis easy to to check for each rule inT that if it performs a transformation
;=) ;# and' isaunierof ,then# isaunierof . u

Theorem 5 (Completeness). Let be a REOSU problem with a unier #.
Then there exists 2 comp(P( )) such that 5 ( ) #.

Proof. We construct recursively the derivation that computes . The initial pair

in the derivationis ;" and" 5 ( ) #. To choose a proper extension, we nd

all x 2 var( ) with x# = and make the projection step with the substitution
1 whose domain consists of thes&'s only. Obviously, 1 var( ) #.

Now assume ,; , belongs to the derivation. Then , 5 ( ) #, i.e., there
exists' suchthatx ' = x# forall x 2 var( ). Moreover, it is easy to see that
' is a uni er of both nand ,andx' 6 for any x. We want to extend the
derivation with  n41; n+1 such that 41 yar( ) #. Let U= 8 be the selected
equation in , and represent , asft=sg[ 9. Then we have the following
cases:

1. tand s are either identical, or have identical nonempty pre xes, o their
rst elements are nonvariable terms with the same head. Then 41 n+1 IS
obtained by the rulesT, TP, or D, respectively. Hence, n+1 = n  var( ) #.

2. The rst element of 5 is a variable x, while t-does not start with a variable.
Then we apply the rule O and get n+1 = n  var( ) #

3. The rst element of tis a variable x, while s does not start with a variable.
Since' is aunier of , and does not mapx to , we have eitherx' = s
or X = (s ) where s is the rst element of s and s° 6 . In the rst
case,sort(s') sort(x), i.e.," involves weakening ofsort(s) to sort(x). We
single out this weakening substitution! from ' and extend the derivation
with the rule WKE1 and substitution ! [f x 7! s! g. In the second case
we havesort(s' ):sort(s®)  sort(x). Since sort(s) is basic sort, there exists
(r;R) 2 If (R) such that sort(s') r and sort(s®% R. Hence,' involves
weakening of ofsort(s) to r. Therefore, extracting the weakening substitution
I from ' , we extend the derivation by WkWdland! [f x 7! (s!;z )g, where
z is fresh with sort(z) = R. In either case n+1  var( ) #.

4. The rst element of tis a variable x and the rst element of tis another
variable y. There are the following alternatives:x' = y', x' = (y"; s?, or
y' = (x; t9 wheres®6 andt?6 . Inthe rst case, ' also involves
weakening forx and y and we proceed withWKE2 with the corresponding
weakening substitution. In the second casesort(y' ) Sand sort(s®) R
for a split (S; R) of sort(x). We choose such a split and proceed with the rule
WKWd2 together with a properly chosen substitution fx 7! (w;z);y 7! wg.
The third case is analogous to the second one. In all the casese have

n+1 var () #.

The second step is to show that this sequence terminates. Weethe inductively
the size of a termt, sequence of termd; and a substitution  with respect to a
substitution # as follows:jxjs = 0, if x# = , othgywisejxjs = 1. jf (Djx = jtjx+2,
(g tn)je = jtaje + + jtnju, andj jx = %2 dom ( )jx j#, where dom( )
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is the domain of . Given and #, we de ne the size of ;; ; as the quadruple
i i; il=(k;I;m;n) where

{ k is the number of distinct variables in ;

{ 1= J# | ilvar( )i#, where ijya ( y is the restriction of ; on the set of
variables on

{ misthe multiset [ g, ,fjt]x;]Sj«0; _

{ nis the number of equations of the form ¢ t) =(x;s), t2V in ;.

The sizes are compared lexicographically. The ordering is ell-founded.

The projection rule is applied only once and does not increasthe size of the
uni cation problem/substitution pairs it operates on. The other rules strictly
decrease the sizeT, TP, D decreasem and do not increasek and |. O decreases
n without increasing the others. WKE1 and WKE2 decreasek. WkWd1, WkWd2,
and WKWd3 decreasel and do not increasek. Hence, the derivation we have
constructed above terminates. u
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Abstract.  The most general uni er (MGU) of a pair of terms can be
speci ed by four axioms. In this paper we generalize the standard pre-
sentation of the axioms to specify the MGU of a list of equatio nal con-
straints and we formally verify that the uni cation algorit hm satis es
the axioms. Our constraints are equalities between terms in a language
of simple types. We model substitutions as nite maps from th e Coq
library Cog.FSets.FMaplinterface. Since the uni cation algorithm is gen-
eral recursive, we show termination using a lexicographic ordering on
lists of constraints. Coq's method of functional induction is the main
proof technique used in proving the axioms.

1 Introduction

As a step toward a comprehensive library of theorems about uication and
substitution, we verify the uni cation algorithm over a lan guage of simple types.
We take the axioms presented in [UN09] as our speci cation ad show that the
rst-order uni cation algorithm is a model of the axioms. In the formalization we
represent substitutions using Coq's nite map library. Thi s veri cation is a step
toward a formal veri cation of an extended version of Wand's constraint based
type reconstruction algorithm [KCO08]. The main idea behind our approach there
is to have a multi-phase uni cation in the constraint solvin g phase. By formaliz-
ing the rst-order uni cation, we will be able to extend the  rst-order uni cation
to this multi-phase uni cation. We believe that the verica tion described here
may be of interest in and of itself to researchers in the uni @ation community.

In recent literature on machine certi ed proof of correctness of type inference
algorithms (mostly on substitution-based type reconstrudion algorithms), the
most general uni er is axiomatized by a set of four axioms. Inthis paper, we
follow Urban and Nipkow's [UNQ9] axioms.

() mgu (1= 2)) ()= (2
i)y mgu (1= 2)» A1)= A2))9 :°
(iiymgu (12 2)) FIVS() FVC(1Z »)

(V) (1= (2))9 %mgu (1= »2)
? The work of the authors was partially supported by NSF 061391 9.
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The FTVS and FVC above refer to the free type variables and free variables of
a constraint respectively. They are de ned later in Section2.

We give an axiomatic presentation of substitutions and provde a model using
substitutions formalized with the Coq's Finite map library . Using this presenta-
tion of substitutions, we prove the correctness of rst order uni cation by show-
ing that the uni cation algorithm satis es the four axioms. Since the uni cation
algorithm is not structurally recursive, we have to also prove the termination
of the rst-order uni cation algorithm by giving a measure a nd showing that it
reduces on each recursive call. The entire veri cation is doe in Coq [Cdt07], a
theorem prover based on calculus of inductive constructioa [CH88].

The rest of this paper is organized as follows: Section 2 int™duces the con-
cepts and terminologies needed for this paper and includes @escription of sub-
stitutions as nite functions. Section 3 describes the formalization of a rst-order
uni cation algorithm in Coq. Section 4 describes the proof that the uni cation
algorithm satis es the four axioms and presents a number of gpporting lemmas.
Section 5 summarizes our current work and mentions further wark.

2 Types and Substitutions

2.1 Types

Uni cation is implemented here over a language of types for (ntyped) lambda
terms. The language of types is given by the following gramma
n=TyVarxj 1! o
where x 2 Var is a variable and 1; 22 are type terms.
Thus, a type is either a type variable or a function type.

We have adopted the following conventions in this paper: atonic types (of
the form TyVar x) are denoted by ; ;  Cetc.; compound types by ; & ; etc,;
substitutions by ; % ; etc. By convention, the type constructor ! associates
to the right. List append is denoted by ++. Small nite substi tutions will be rep-
resented using the usual (enumerative) set notation. For eample, a substitution
that binds x to andyto Cis denoted asfx 7! ;y 7! %. When necessary we
follow Coqg's namespace conventions; every library functio has a quali er which
denotes the library it belongs to. For example,M :map is a function from the
nite maps library, whereas List :map is a function from the list library.

The work described here is being extended to the polymorphicase and so
the language of types will be extended to include universajl quanti ed type
variables. Anticipating this, although all type variables occurring in types as
de ned here are free, we de ne the list offree variables of a type(FTV) as:

o
la

FTV (TyVar x) [x]
de

FTV( ! % Z FTV()++ FTV( 9
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We also have a notion of equational constraints of the form = © The list of
free variables of a constraint list denoted by FVC, is given as:

Fvell € 1]

FVC((12 2):C) ¥ FTV (1) ++ FTV(2)++ FVC(C)

2.2 Substitutions

Substitutions are nite functions mapping type variables t o types. Application
of a substitution to a type is de ned as:

(TyVar(x) T hx; i 2 then elseTyVar(x)
(10 20 % (0! (2

Thus, if a variable x is not in the domain of the substitution, it lifts that variab le
to TyVar(x). Application of a substitution to a constraint is de ned si milarly:

(12 2% (02 (2

Since substitutions are functions their equality is extensonal; they are equal if
they behave the same on all type variables.

def
°S8: ()= )
Two type terms ; and , are uni able if there exists a substitution  such that
(1) = ( 2). Insuch a case, is called aunier . More formally, we denote

solvability of a constraint by F (read \solves"). We write E (12 o) if

(1) = ( 2). We extend the solvability notion to a list of constraints and we
write | Cifandonly if foreveryc2 C, F c. Aunier isthe most general
uni er if there is a substitution  °such that for any other unier o 00

The substitution composition operator, , is de ned in the next section.

2.3 Implementing Substitutions as Finite Maps

The representation of substitutions plays an important role in the formalization
exercise. In the veri cation literature, substitutions ha ve been represented as
functions, a list of pairs, and a set of pairs. We represent sostitutions as nite
functions (a.k.a nite maps in Coq). The literature on repre senting substitutions
as nite maps is sparse. We use the Coq nite map libraryCoq.FSets.FMaplnterface
which provides an axiomatic presentation of nite maps and anumber of sup-
porting implementations. However, it does not provide an irduction principle for
nite maps, and forward reasoning is often needed to use theilbbrary. The fact
that we were able to reason about substitution compaosition vithout using an
induction principle explains the power and expressivenessf the existing library.
We found we did not need induction to reason on nite maps, thaugh there are
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natural induction principles we might have proved [CS95, MW85]. The most
recent release of the library (ver. 8.2) supports one.

To consider the domain and range of a nite function (and this is the key
feature of the function being nite), we use the nite map lib rary function
M:elements M:element$ ) returns the list of pairs (key-value pairs) correspond-
ing to the nite map . The domain and the range of a substitution are de ned
as:

dom( ) « List:map( t: fst (t)) (M:elementg ))
range ) ¥ List: at -map(t: FTV (snd(t))) (M:elementg ))

The function List: at _-map, also known asmapcanin LISP and concatMapin
Haskell, is de ned in the Coq library Cog.List.List as:

dg

at mapf [] []

(fh)++ at_mapft

e

at _mapfh :t

The free type variables of a substitution, denoted byFTVS, is de ned in terms
of domain and range of a substitution as:

FTVS( ) % dom( ) ++ rangg )

Applying a substitution °to a substitution means applying °to the range
elements of .

%) %€ Mmap(t %t)

The function substdi is needed to de ne substitution composition, and is

de ned as:
substdi © ¥ M:map2 choosesubst  °

In the above de nition, the function M:map2is de ned in Coq library as the
function that takes two maps and 9 and creates a map whose binding be-
longs to either or %based on the functionchoosesubst which determines the
presence and value for a key (absence of a value is denoted Npné. The values
in the rst map are preferred over the values in the second magpfor a particular
key.

choosesubst T1 T2 ¥ match (T1;T2) with
j Some T3 SomeT4) Some T3
j Some T3 None) Some T3
j Nong Some T4) Some T4
j None None) None

Finally, substitution composition is de ned as:

0¥ gubstdi Y ) °©

Substitution composition application to a type has the following property:
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Theorem 1. [Composition Apply]
8:( )= A

Proof. By induction on the type followed by case analysis on the binding's
occurrence in the composed substitution and in the individwal substitutions.

Interestingly, the base case (when is a type variable) is harder than the induc-
tive case (when is a compound type). Incidentally, the same theorem has been
formalized in Coq [DM99], where substitutions are represeted as a list of pairs,
but required 600 proof steps. We proved in about 100 proof sies.

3 Unication

3.1 The Algorithm

We use the following standard presentation of the rst-order uni cation algo-
rithm.

unify ( £ ) C = unifyC
unify( £ )zc % 7 g ounify(f 7' gC)
unify ( 2 )= C o if occursin then Fail elsef 7! g unify(f 7! gC)
unify ( £ ):C o if occursin then Fail elsef 7! g unify(f 7! gC)
unify (1! 2 Y oUnify (12 3 22 4:0)

= 3! 4uC
unify [] Y d

The algorithm presented above is still not quite ready for famalization since
we have not represented failure. Coq provides amption type (also available in
OCaml as a standard data type) to allow for failure.

Inductive option (A : Set) : Set := Some(-: A) j None

We use the option Noneto indicate failure and in the result Somé ), is the
resulting substitution. The uni cation algorithm is fully formalized as shown in
Appendix 7.1.

The above presentation of the uni cation algorithm is general recursive,i.e.
the recursive call is not necessarily on a structurally smdér argument. Various
papers have described the non-structural recursion aspedcif rst-order uni ca-
tion [Bov01, McBO03]. To allow Coq to accept our de nition of uni cation, we
have to either give a measure that shows that recursive arguent is smaller or
give a well-founded ordering relation. We chose the latter.The annotation f wf
meaPairML{g in the speci cation is precisely that. The advantage of spedying
the uni cation algorithm as shown above is that we get an induction principle
for free. This induction principle will be used later in a Coq tactic named as
functional inductionfor the axiom proofs. We will have more to say about the
induction principle and the tactic later in Section 4.1.
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3.2 Termination

Since the uni cation algorithm is general recursive, we ned to give an ordering
that is well-founded. We use the lexicographic ordering ( 3) on the triple (see be-
low). The lexicographic ordering on the two triples ni; n,; nzi and hmq; m,; mgsi
is de ned as
hi;nainsi s hmymo;msi €

Ni<my)_(Mi=mi12n2<my)_(N1=mMi1”nz2=m2”" nz<m3s),
where < and = are the ordinary less-than inequality and equality on n atural numbers.
Our triple is similar to the triple proposed by others [Bov01, BS01, Apt03], but
a little simpler. The triple is <jCgvc j;jCi j;jCj>, where

jCrvc ] is the number of unique free variables in a constraint list;

jCi | is the total number of arrows in the constraint list;

jCj is the length of the constraint list.
Table 1 shows how these components vary depending on the cdraint at the

Original call Recursive call Conditions, if any jCevc jliCi jljCj
( £ ):cC C 2 (FVC ©) - - #
( £ ):cC C 2 (FVC C) # - #
( £ ):=cC f 71 gC 6 # - #
( £ )H):cC f 71 ¢C 2 (FTV )~ 2 (FVC C)| # # | #
( £):cC f 71 gC 2 (FTV )~ 2 (FVC C)| # " #
( £ ):cC f 71 gC 2 (FTV )~ 2 (FVC C)| # # | #
( £ ):cC f 71 gC 2 (FTV )~ 2 (FVC C)| # " #
( 1! 2 ( 1 £ 3) None - # "
2 51 HucC| (22 »uC

Table 1. Variation of termination measure components on the recursi ve call

head of the constraint list. The table closely follows the resoning we used to
satisfy the proof obligations (shown in the Appendix 7.3) gaerated by the above
speci cation. We use -,", # to denote whether the component is unchanged, in-
creased or decreased, respectively. We could have used thaite sets here (for
counting the unique free variables of a constraint list), bu we went ahead with
the unique lists (referred to asNoDup in Coq). We found the existing Coq list
library o ering plenty of support for lists in general, and u nique lists in par-
ticular. Coq also provide a library to reason about lists modulo permutation.
Together we were able to reason with the lists as nite sets. V& also had to use
the following lemma mentioned in the formalization of Sudoku puzzle by Laurent
Trery [The06].

Lemma 1. [List subset membership and unique list length]
81;1%: list D; NoDupl ) NoDupl®) Listincll19): ListinclI°l)
(Listlengthl) < (List:lengthl9)
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The above lemma was essential for our termination proofs, sice the Coq'sList
library does not provide any axioms on unique list inequalifes.

4 MGU axioms

Note that each of the axioms, introduced earlier in Section 1 characterizes the
MGU behavior on a pair of terms (a single constraint). In our veri cation, we will
lift these axioms to a constraint list. This is necessary siice constraint-based type
reconstruction algorithms solve all the constraints in onego. The new axioms
are:

(i) uniyC=Some ) FC

(i) (unifyC= Some ~ °FC))9 ® 0 0o

(iii ) unifyC = Some ) FTVS( ) FVC(C)

(iv) EC)9 %unifyC= Some °

We can now go into the proof of the above axioms. The underlyig theme in

all of the proofs below is the use ofunctional inductiontactic in Coq. The tactic
ensures that we have the right induction hypothesis, when wewvant to prove a
property for the inductive case. We mention this general tetinique next.

4.1  Functional Induction in Coq

In Coq, the functional induction technique generates/useghe induction principle
which is generated for the de nitions de ned using the Function keyword. The
induction principle is shown in the Appendix 7.2. The induction principle is
rather long because the actual speci cation is verbose andlso because of the
cases involved; there are 3 cases with 3 outcomes each.

In the next few sections, we mention only the important lemmas involved in
the proofs of each of the axioms. For many of these lemmas, wavg the main
technique involved in the proofs.

4.2 Axiom i

Lemma 2. [Satisfy and compose subst]
8x:8C:8: 8: Efx7 g(C)) (fx7' g )EC

Proof. By induction on C.

Lemma 3. [Membership in a constraint list invariant under su bstitu-
tion]

8x:8C:8; 1: 2:(1=2 2)2C)f x7! g(1= 2)2fx7 g(C)

Proof. By induction on

Lemma 4. [Constraint satisfaction and membership in a list]

8C:8:8; %( £ 92CrunifyC=Some ) F( £ 9

Proof. By functional induction on unify C and theorem 1.

Theorem 2. 8: 8C:unifyC= Some ) EC

Proof. By functional induction on unify C and by theorem 1 and lemma 3.
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4.3  Axiom ii

Lemma 5. [Equal substitution instance for singleton subst]
8:8:8; % 2(FTV )" ()= ()) (9= (F 70 o9

Proof. By induction on °©.

Lemma 6. [Constraint satisfaction extended to a substituti on instance
of a constraint]

8C:8:8:8: EFC™ 2((FTV )™ ()= ()) Ef 71 g(C)
Proof. By induction on C and by lemma 5.

The following lemma lifts the extensional equality on type variables to any
type.

Lemma 7. [Extensionality extended to any type]
8; %8: ()= %A).8 : ()= %)

Proof. () ) By induction on
(( ) Trivial.

Theorem 3. 8: 8C: (unifyC= Some ~ %= C))9 9 © 00

Proof. By functional induction on unify C, and by theorem 1 and lemma 6, 7.
4.4 Axiom iii

Lemma 8. [Compose and domain membership]

8; ©%8:8: 22domsubst(f 7! g ))
) %2 domsubstf 7! g_ °2 domsubst

Lemma 9. [Compose and range membership]
8; ©%8:8:( 2(FTV )~ 92rangesubst(f 7! g ))
) %2rangesubstf 7! g_ 92 rangesubst

Without going into details, the following lemma helps us in proving Lemma
9. Note that the de nition of rangesubst contains references to higher order
functions M:map2and this lemma helps in not having to reason aboutM:map2

Lemma 10. [Subst range abstraction]
8:8: 2rangesubst( ),9 % 92 domsubst( )» 2 (9

Theorem 4. 8; % 8C:unifyC= Some ) FTVS( ) FVC(C)

Proof. By functional induction on unify C and lemmas 8, 9.
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45 Axiom iv

This axiom requires the notion of subterms, which we de ne béow:

subterms =[]
subterms( 1! )= 1: 2:(subtermsi) ++ ( subterms ;)

Then we can de ne what it means to for a term to be contained in another term.

Lemma 11. [Containment]
8; % 2 (subterms 9 ) 8 0 002 (subterms)) 902 (subterms 9

Proof. By induction on °©.

A somewhat related lemma is used to show well foundedness offes.

Lemma 12. [Well founded types]
8:: 2 (subterms)

Proof. By induction on and by lemma 11.

Lemma 13. [Member subterms unequal]
8; & 2 (subterms 9) 6 ©

Proof. By case analysis on = Cand by lemma 12.

The following obvious but powerful lemma helps in proving the axiom:

Lemma 14. [Member subterms and apply subst]
8:8:8: 2(subterms)) ()6 ()

Proof. By induction on  and by lemma 13.

Lemma 15. [Member arrow and subterms]

8: 8: 8 1; 2:member (FTV 1)= true _member (FTV )= true
) 2 subtermg 1! )

Proof. By induction on 1, followed by induction on ».

A corollary from the above two gives us the required lemma.

Corollary 1. [Member apply subst unequal]
8: 8: 81; 2:member (FTV 1)= true _member (FTV )= true
) ()& (1! 2)

Proof. By lemma 14 and 15.
Theorem 5. 8: 8C: E C)9 %unifyC= Some °

Proof. By functional induction on unify C and lemma 6 and corollary 1.
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5 Related Work and Conclusions

5.1 Related Work

There are formalizations of the uni cation algorithm in a nu mber of di erent

theorem provers [Bla08, Pau85, Rou94]. Uni cation is fundanentally used in
type inference. Many of the existing veri cations of type inference algorithms
[DM99, NN99, NN96, UN09] axiomatize the behavior of the MGU rather than

provide an implementation as we do here.

We comment on the implementation in the CoLoR library [BDCG * 06]. CoLoR
is an extensive and very successful library supporting reaming about termina-
tion and rewriting. Their Coq implementation of the uni cat ion algorithm was
recently released [Bla08]. Our implementation di ers from theirs in a number of
ways. Perhaps the most signi cant di erence is that we represent substitutions
as nite maps, whereas in CoLoR the substitutions are represnted by func-
tions from type variables to a generalized term structure. The axioms veri ed
here are not explicitly veri ed in CoLoR, however their libr ary could serve as
a basis for doing so. We believe that the lemmas supporting auveri cation
could be translated into their more general framework but that the proofs would
be signi cantly di erent because we use functional induction which follows the
structure of our algorithm. The uni cation algorithm in CoL oR is specied in a
signi cantly di erent style (as an iterated step function) .

5.2 Future Work

The current work serves as a rst step in veri cation of vario us constraint-based
type reconstruction algorithms. The entire formalization is done in Coq 8.1.pl3
version in about 4400 lines of speci cations and tactics, ad is available online at
http://www.cs.uwyo.edu/ -skothari . The choice of representing substitutions
as nite functions was crucial. An induction principle for nite maps would have
been useful for some of the proofs, and indeed there is a newrg®n of the
library in Coqg 8.2 which provides this. We believe that this entire work should

lead to a better understanding and appreciation of the nite maps library in

Coqg. These proofs are part of a larger e ort to verify our extended version of
Wand's algorithm, which handles the polymorphic let construct [Kot07, KCO8].
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7 Appendix
7.1 First-order uni cation algorithm's speci cation in Co q
Function unify (c:list constr){wf meaPairMLt} :(option (M .t type)) =

match ¢ with
nil => Some (M.empty type)
| h:it => (match h with
EqCons (TyVar x) (TyVar y) =>
if eq_dec_stamp x y
then unify t
else (match unify (apply_subst_to_constr_list
(M.add x (TyVar vy)
(M.empty type)) t) with
Some p => Some (compose_subst
(M.add x (TyVar vy)
(M.empty type)) p)
| None => None
end)
| EqCons (TyVar x) (Arrow ty3 ty4) =>
if (member x (FTV ty3)) || (member x (FTV ty4))
then None
else (match (unify (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4)
(M.empty type)) t) with
Some p => Some (compose_subst
(M.add x (Arrow ty3 ty4)
(M.empty type)) p)
| None => None
end)
| EqCons (Arrow ty3 ty4)(TyVar x) =>
if (member x (FTV ty3)) || (member x (FTV ty4))
then None
else (match (unify (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4)
(M.empty type))t)) with
Some p => Some (compose_subst
(M.add x (Arrow ty3 ty4)
(M.empty type)) p)
| None => None
end )
| EqCons (Arrow ty3 ty4)(Arrow ty5 ty6)=>
unify ((EqCons ty3 ty5):
((EqCons ty4 ty6)::1))
end)
end.

7.2 Induction principle used in the functional induction

forall P:list constr -> option (M.t type) -> Prop,
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(forall c:list constr, ¢ = nil -> P nil (Some (M.empty type))) ->
(forall (c:list constr) (h:constr) (t:list constr), ¢ = h:: t->
forall x y:nat, h = EqCons (TyVar x) (TyVar y) ->
forall _x:x =y, eqg_dec_stamp x y = left (x <>y) _x ->
Pt (unify t) -> P (EqCons (TyVar x) (TyVar y) :: t) (unify t)) ->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h : 1 t0 ->
forall x y:nat, h = EqCons (TyVar x) (TyVar y) ->
forall _x: x <>y, eq_dec_stamp x y = right (x = y) _x ->
P (apply_subst_to_constr_list (M.add x (TyVar y) (M.empty type)) t0)
(unify
(apply_subst_to_constr_list
(M.add x (TyVar y) (M.empty type)) t0)) ->
forall p:M.t type,
unify (apply_subst_to_constr_list
(M.add x (TyVar y) (M.empty type)) t0) = Some p ->
P (EqCons (TyVar x) (TyVar y):t0)

(Some (compose_subst (M.add x (TyVar y) (M.empty type)) p)) ) ->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h: 0 ->
forall x y:nat, h = EqCons (TyVar x) (TyVar y) ->
forall _x:x <> vy, eqg_dec_stamp x y = right (x = y) _x ->
P (apply_subst_to_constr_list (M.add x (TyVar y) (M.empty type)) t0)

(unify
(apply_subst_to_constr_list
(M.add x (TyVar y) (M.empty type)) t0)) ->
unify (apply_subst_to_constr_list
(M.add x (TyVar y) (M.empty type)) t0) = None ->
P (EqCons (TyVar x) (TyVar y):it0) None) ->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h: 0 ->

forall (x:nat) (ty3 ty4:type), h = EqCons (TyVar x) (Arrow ty 3 tyd) ->

member x (FTV ty3) || member x (FTV ty4) = true ->

P (EqCons (TyVar x) (Arrow ty3 ty4):t0) None) ->

(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h: 0 ->
forall (x:nat) (ty3 ty4:type),
h = EqCons (TyVar x) (Arrow ty3 ty4)->
member x (FTV ty3) || member x (FTV ty4) = false ->
P (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)
(unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)) ->
forall p : M.t type,
unify (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0) = Some p->
P (EqCons (TyVar x) (Arrow ty3 ty4) :: t0)
(Some (compose_subst (M.add x (Arrow ty3 ty4) (M.empty type )) p)))->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h : 110 >
forall (x:nat) (ty3 ty4:type), h = EqCons (TyVar x) (Arrow ty 3 tyd)->
member x (FTV ty3) || member x (FTV ty4) = false ->
P (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)
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(unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)) ->
unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0) = None ->
P (EqCons (TyVar x) (Arrow ty3 ty4):t0) None) ->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h: ‘0 ->
forall (ty3 ty4:type) (x:nat),
h = EqCons (Arrow ty3 ty4) (TyVar x) ->
member x (FTV ty3) || member x (FTV ty4) = true ->
P (EqCons (Arrow ty3 ty4) (TyVar x):t0) None) ->
(forall (c:list constr) (h:constr) (tO:list constr),c = h: 0 ->
forall (ty3 tyd:type) (x:nat),
h = EqCons (Arrow ty3 ty4) (TyVar x) ->
member x (FTV ty3) || member x (FTV ty4) = false ->
P
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)
(unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)) ->
forall p : M.t type,
unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0) = Some p ->
P (EqCons (Arrow ty3 ty4) (TyVar x):t0)
(Some (compose_subst
(M.add x (Arrow ty3 ty4) (M.empty type)) p))) ->
(forall (c:list constr) (h:constr) (tO:list constr), ¢ = h: 0 ->
forall (ty3 ty4 : type) (X : nat),
h = EqCons (Arrow ty3 ty4) (TyVar x) ->
member x (FTV ty3) || member x (FTV ty4) = false ->
P
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)
(unify (apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0)) ->
unify
(apply_subst_to_constr_list
(M.add x (Arrow ty3 ty4) (M.empty type)) t0) = None ->
P (EqCons (Arrow ty3 ty4) (TyVar x):t0) None) ->
(forall (c:list constr) (h:constr) (tlist constr), ¢ = h :: t->
forall ty3 ty4 ty5 ty6:type,
h = EqCons (Arrow ty3 ty4) (Arrow ty5 ty6) ->
P (EqCons ty3 ty5::EqCons ty4 ty6::t)
(unify (EqCons ty3 ty5:: EqCons ty4 ty6::t)) ->
P (EqCons (Arrow ty3 ty4) (Arrow ty5 ty6)::t)
(unify (EqCons ty3 ty5::EqCons ty4 ty6::it))) ->
forall c:list constr, P ¢ (unify c)
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7.3 Proof Obligations

There are 5 proof obligations related to the 5 recursive calbites in the speci -
cation. The sixth proof obligation is to show that the ordering relation is well
founded.

forall (c:list constr) (h:constr) (tlist constr), ¢ = h:t ->
forall tO tl:type, h = EgCons tO t1 ->
forall x:nat, t0 = TyVar x ->
forall y:nat, t1 = TyVar y ->
forall anonymous:x =y, eq_dec_stamp x y = left (x <> y) anonym ous ->
meaPairMLt t (EqCons (TyVar x) (TyVar y) :: t)
(2/6)
forall (c:list constr) (h:constr) (tlist constr), ¢ = h:t ->
forall t0O t1 : type, h = EqCons t0 t1 ->
forall x : nat, t0 = TyVar x ->
forall y : nat, t1 = TyVar y ->
forall anonymous: x <> vy, eq_dec_stamp X y = right (x = y) anony  mous ->
meaPairMLt (apply_subst_to_constr_list (M.add x (TyVar y )
(M.empty type)) 1)
(EqCons (TyVar x) (TyVar y) :: t)
(3/6)
forall (c:list constr) (h:constr) (t:list constr), ¢ = h:t ->
forall tO t1 : type, h = EqCons t0 t1 ->
forall x : nat, t0 = TyVar x ->
forall ty3 ty4 : type, t1 = Arrow ty3 ty4 ->
member x (FTV ty3) || member x (FTV ty4) = false ->
meaPairMLt
(apply_subst_to_constr_list (M.add x (Arrow ty3 ty4)
(M.empty type)) t)
(EqCons (TyVar x) (Arrow ty3 ty4) :: t)

(4/6)
forall (c:list constr) (h:constr) (t:list constr), ¢ = h:t ->
forall tO t1 : type, h = EgCons t0 t1 ->
forall ty3 ty4 : type, t0 = Arrow ty3 ty4 ->
forall x : nat, t1 = TyVar x ->
member x (FTV ty3) || member x (FTV ty4) = false ->
meaPairMLt
(apply_subst_to_constr_list (M.add x (Arrow ty3 ty4)
(M.empty type)) t)
(EgCons (Arrow ty3 ty4) (TyVar x) : t)

(5/6)
forall (c:list constr) (h:constr) (tlist constr), ¢ = h:t ->
forall tO t1 : type, h = EqCons t0 t1 ->
forall ty3 ty4 : type, t0 = Arrow ty3 ty4 ->
forall ty5 ty6 : type, t1 = Arrow ty5 ty6 ->
meaPairMLt (EqCons ty3 ty5 :: EqCons ty4 ty6 :: t)
(EqCons (Arrow ty3 ty4) (Arrow ty5 ty6) :: t)
(6/6)

well_founded meaPairMLt
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Abstract.  Rigid E-uni cation problems arise naturally in automated
theorem provers that deal with equality. In this paper we dis cuss how
to implement a rigid E-uni er, focussing on e ciency. We imp rove the
algorithm to compute rigid E-uniers as proposed by Degtyar ev and
Voronkov [4] for practical situations where many similar ri gid E-uni cation
problems have to be solved. We implement the methods of Comon [1]
and Nieuwenhuis [8] to solve symbolic ordering constraints generated by
the algorithm. We compute solved forms of constraints witho ut storing
intermediate results and without performing any substitut ions. Instead
of computing an exponential number of simple systems for each solved
form, we build a graph from the solved form such that a bounded back-
tracking algorithm can search for a satis able simple syste m without the
need to generate them all.

1 Introduction
In automated theorem provers that allow equalities, a probem that has to be

Often, the equations contain free variables, called rigid ariables. The problem
then becomes: is there a grounding substitution such that given equations

(s1 = t1);::: (sn = tn), we can derive (s = t). Such is called a rigid E-
uni er. Finding a rigid E-uni er has been proved NP-complet e in [7]. We follow
the lines of Degtyarev [4], Comon [1] and Nieuwenhuis [8] anémplement each
of their algorithms in an e cient way. For this we improve the BSE calculus of
Degtyarev and Voronkov, compute normal forms according to @mon's rewrite
system R without performing substitutions and search for a satis able simple
system according to Nieuwenhuis without constructing themall.

Degtyarev and Voronkov [4] proposed theBSE calculus to compute a rigid
E-uni er closing a single leaf of a tableau. These solutionsare later combined
to close the entire tableau. They also proved completenessfdheir approach.
Closing all leafs at once requires simultaneous rigid E-untation, which proved
to be undecidable [3].

In this paper we propose the BSE calculus which is more e cient than
the BSE calculus, when computing many similar rigid E-uni ers, since it allows
caching of intermediate results.
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Both the BSE and eBSE calculus need to compute satis ability of symbolic
ordering constraints, which is NP-complete.

Comon [1] solved these constraints by using a rewrite systerR based on the
lexicographical path ordering. The normal form of R is a set of solved forms,
each of which gives rise to an (exponential) number of simplaystems. Checking
satis ability of a simple system is done in linear time. The original constraint
is satis able if at least one of the simple systems is. Nieuwehuis [8] loosened
the de nition of simple systems to reduce the number of case @tinctions and
improve performance over Comon's method.

We will implement Comon's R by a set of mutually recursive functions.
E ciency is obtained by using a uni er representation that a voids performing
substitutions and a computation order that does not requirestoring intermediate
results.

Finding a satis able simple system along the lines of Nieuwahuis requires
the inspection of an exponential humber of simple systems. & introduce an
intermediate graph structure that represents all possiblesimple systems and then
use a bounded backtracking algorithm to extract a satis able simple system from
this graph (if possible). The intermediate graph structure allows us to e ciently
construct the simple systems and abort the construction of msatis able simple
systems as soon as possible, e ectively discarding whole tseof unsatis able
simple systems at once.

Section 2 of this paper describes the concepts and de nitioswe use. Section 3
describes the theory of solving rigid E-uni cation problems: our eBSE calculus,
the rewrite system R and the de nition of simple systems. In Section 4 we
provide implementation details of these three steps. The reults are discussed in
Section 5.

2 Preliminaries

De nition 1 (formulas). The grammar for formulas F is given by

F:
T::

>j?j FAFJF_FjT=T
F(T )V

Where V is a set of variables andF is a set of function symbols.

FV (P) denotes the free variables of a (set of) formula(s)P as usual. A
substitution :V ! T is a mapping from variables to terms. We will use' to
denote syntactic equality throughout this paper.

De nition 2 (Lexicographical Path Ordering LPO). Let s' f(s1;:::;n)

symbols inF (called the precedence ordering). Thers t i one of the following
holds:

1.9 :1 i m:s t)
2.f>F 9”8 :1 ] m:s tj)



34 Michael Franssen

3.f=9g7(9:1 j n:@Bi:1 i<j:s't)
"s
A Bk:j<k n:is ty)

The LPO is total on ground terms.

De nition 3 (Rigid E-uni cation problem). Let s; = t3;:::;8, = t, be a
list of equations and lets = t be a single goal equation. The rigid E-uni cation
problem denoted bys; = t3;:::;s, = t, ° s=t is stated as: is there a substitu-

tion suchthat (sp=t;":::"syp=1,) s=1t)is a tautology?

Rigid E-uni cation is shown to be NP-complete in [7].
Like in [9] we represent a substitution as a list

of one-point mappings. The substitution corresponding to °is then computed
as 1, where

i =[x 7 ()] 4 forl i<n

n=[Xn 7! ty]

During computation of a uni er the substitution will be exte nded to include
a new mapping from a variablex to a term (t), where t is a (sub)term of
the original uni cation problem and is the unifying substitution found so far.
Hence, we need a representation forx[ 7! (t)] . If is represented by the
list ©= Hxy 7! tq1];:::;[Xn 7! tali, the adapted substitution is represented
by Hx 7! t]; 9. Hence, instead of actually computing the substitution or
the term (t), we simple prepend k 7! t] to the list representation ° The
list representation never becomes longer than the number ofigid variables.
Also, the uni cation algorithm only uses the head-symbol of (t), which can be
computed directly from t and the list representation °. Therefore, using the
list representation for substitutions, we will avoid computing and performing
substitutions altogether.

3 Solving rigid equation problems

The approach to solve rigid equation problems used in this pper can be sum-
marized as follows:

{ Use a variant of the calculusBSE (see [4]) to rewrite the goal into a trivial
form (i.e. s = s). During rewriting, we generate constraints of which the
satis ability has to be checked.

{ In order to check satis ability of the constraints, rst rew rite them into a
number of solved forms.

{ To check satis ability of a solved form, generate the correponding simple
systems and check if a satis able simple system exists.

In the following subsections, we will brie y describe each ¢ these steps.
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E[fthl=r Ci;bs[p]=t;CGig ~ he;Ci
Irbs E fhl = r; Gi;hs[p] = t; Gi;
hs[r]=t, G "Ca™ 1 r~s[p] tN1' pig

P62V
" he;Ci  s[r]6't

E[fhl=rCig ~ hs[p]=t; Gi
E[fhl=rCGig ~ hsr]=tCG"C2"1 rAs[p] t~1' pi

rrbs p62V

E ~ hs=tCi
" hs=s;CNs' ti

er s6't

Fig.1. The eBSE-calculus as used in our implementation. s[p] denotes a term s in
which term p occurs. A rule may only be applied if the constraints are sati s able.

3.1 The e BSE calculus

Our eBSE calculus, based on theBSE calculus in [4], is given in Figure 1. The
rules' names remain the same: left rigid basic superpositio (Irbs), right rigid
basic superposition (rrbs) and equality resolution (er). The constraints ensure
that rewriting is only done if the term being rewritten becomes smaller and
hence, they ensure the algorithm terminates.

The original BSE calculus maintains one constraint that ensures correctnes
of the entire derivation. For instance, the Irbs rule of Degtyarev and Voronkov
is:

E[fl=rs[pl=tg e C
E[fl=rs[r]J=tg " e C™l rAs[pl t~1'p

The equation s[r] = t is removed from the set of equations when the rule is
used. This is not necessary, since the equation as such islktialid, even though
the constraint ensures that it can only be used with the same ristances of the
rigid variables. The new equations[r] = t is only valid when the constraint is
satis able. Hence, we cannot use it in other derivations andwve have to recompute
applications of the Irbs rule for every rigid E problem we solve. Note that as
soon as an unsolvable rigid E problem is tried, all possible gplications of Irbs
are computed.

However, within a theorem prover the initial set of equations is mostly the
same for di erent rigid E problems. Since the eBSE calculus maintains a con-
straint for every equation and does not remove any equation \wen a rule is used,
it allows us to pre-compute a closureE. of the set E of equations with respect
to Irbs. E. is subsequently used to solve all problems of the fornE = s = t.
More details can be found in [6].

The closure E; of a set of equationsE with respect to the Irbs rule is com-
puted incrementally: assumeE . was computed fromE. When E is extended by
a new equations = t, yielding E®= E [f s = tg, it is su cient to consider
all applications of Irbs with one equation from E; and s = t to compute E2.
Hence,EQ = E¢ [f ¢(Ec;s = t)g, wherec(Ec;s = t) denotes the all the derived
equations fromE. involving s = t. Computing c(E; s = t) is much more e cient
than computing E2 from E° directly.

p62Vs[r]6 t
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Equality rules:

(D1) f(ve;iisivn) f(ugsiisiun) b g va' U™ il V' Un
(C1) f(vasiiziva) g(us;iiiium) ! R ?
iff 6'g

(R) x"t"P! g X" t"MP[x:=1]
if x 2 FV(P)nFV(t), P is a conjunction of (in)equations
andt2V) t2FV(P):

(O1) s' t[s]! R ?
if s2V and s 6' t[g]

Fig.2. The equality rules of R to compute solved forms. Note that these constitute
regular Robinson uni cation.

3.2 Solved forms

A constraint puts restrictions on the values that may be assgned to rigid vari-
ables. The rewrite systemR is used to make these restrictions explicit. The
normal form according to R is either >, ? or a disjunction of constraints of the
form

X" t1 MMy th MU vl MN U g

where for everyi; 1 i m either u; orv; is a variable andv; is not a sub-term
of u; or vice versa. Each of these disjuncts is called a solved fornEvery conjunct
in a solved form constitutes a value (solved part) or an upperor lower bound
(constrained part) for a rigid variable. If m = 0 we have a solution and do not
need to continue.

3.3 Simple systems

In order to decide whether a solved form is satis able, we hag to nd a ground
substitution such that the constraint holds according to LPO. The solved part
provides part of this substitution. For the constrained part we need to consider
all corresponding simple systems and nd one that is satis ale.

The set of simple systems for a constrained part is de ned by:

{ Compute the setsub(c) of all sub-terms occurring in c.

{ Consider all possible orderings okub(c), where every sub-terms; of s; 2
sub(c) occurs afters;.

{ Foreach possible ordering, put eithef or between the terms in all possible
ways that are compatible with the original constrained part.

A simple system is not satis able i it is trivially bottom. | t is trivially
bottom if it contains one of the following (subscript s means that the (in)equality
holds according to the simple systens):
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Inequality rules:

(D2) f(ve;:iiiva) g(us;:iiium) ! R

f(vi;iinyvn) ug N iiAf(vay il vn) Um
iff EFo:
(D3) f(va;iiivn) guisiisum) b R
Vi g(U;iiiiUm) _ i Ve g(UjiiiiUum)
ifg gf
(Da) f(viiiisiva) fugiiiiun) ! R
vi f(ug;iiisun) _ Vo f(ug;i:i;un)
(vi us” f(ve;iissvn) ux N iiiAf(vaiiii;va) Un)
(Vi Uz Ve Uz A f(veiinive) Un)

vi f(ui;i::i;un) vn f(ug;iii;un)
(O2) t[s] s! R >
if t[s] 6's:

(Os3) s t[¢]! R ?
(T1) s t~t st g ?

Fig.3. The inequality rules of R to compute solved forms

1. f(s1;:::80)" sO(ta;:::;tm) with f dierent from g.

2. f(s1;iin;8p) sf(s)iiirisd)and (9i 2 1:::p ik (i s8)).

3. s standt is a proper sub-term ofs or visa versa.

4. f(s1;::058p) sO(tes:iitm)with g pfand: (92 1::iiprs 0(ts;:i:tm))
5. f(s1;iii;8p) sf(s)iiizisd)and @ (hsy;iiz;spi & hed;:ii;sdi)

4 Implementing Rigid-E uni cation

In this section we introduce a more e cient variant of the BSE calculus called the
eBSE calculus, show how to compute the normal form ofR without performing
substitutions or storing intermediate results and introdu ce an intermediate graph
structure to nd a satis able simple system.

4.1 Implementing the e BSE calculus

The eBSE calculus can be implemented directly. A single rule is appkd as fol-
lows: rst check the side-conditions, then compute the new onstraint by adding
the required conditions and check satis ability, and nall y compute E®or s°= t°
to generate the rigid E-uni cation problem that makes up the conclusion of the
rule. The full calculus is used by rst computing E. and then recursively apply-
ing rrbs and er. We terminate the proof search if all derivations have been tied
or when a solution has been found.
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To save memory,E can be implemented by a linked list of equation-constraint
pairs. Whenever a setE? = E. [f ¢(E.;s = t)g has to be represented, the rst
elements in the list representc(E¢;s = t) and the tail of the list is E., which
already exists. That is, we represent all sets of equationsyban upside-down tree.

4.2 Computing solved forms

We e ciently implement R (see Figures 2 and 3) by: (1) avoiding performing
substitutions (that is, we do not compute P[x := t] for rule R) and (2) recursively
unfolding R on a depth rst basis to avoid the representation of intermediate
results. We will explain both techniques by a part of the implementation. The
full implementation is given in the appendix.

To demonstrate (1), we consider the occurs check problem: dgs variable
v 2 V occur in term t? This check is performed on a termt obtained from the
initial uni cation problem after substitution on a term s. The substitution is
represented by % le.t= (s).

Instead of actually computing (s), we check ifs 2 V and if there is a mapping
[s 7! ST in the list representation © If so, (s) is equal to (s% and hence, we
considers®instead ofs. This is repeated until (1) either s°62 Vor (2) s°2 V,but
there is no corresponding mapping in the list anymore. In the rst case we get

(s)= (f(s1;:::isn))= f( (s1);:::; (sn)). We then perform the occurs check
on (sy)till (s,) recursively, using only ®and s till s,. In the second case we
only need to check ifv is s° Hence, we merely use terms that already existed in
the original problem without changing them.

We now rst choose representations for solved forms and thershow how to
implement R e ciently.

A single solved form will be represented by a type called "Saled", consisting
of two parts: (1) the solved part © representing a substitution as before and
(2) the constrained part cp®, which is a set of inequalities where either the left
hand side or the right hand side is a variable not occurring inthe domain of ©.
cp’ represents the inequations (cp®), where is the substitution represented by

0 cp’ is implemented by a list of pairs of variables and reference$o already
existing sub-terms. No substitutions are performed and no gb-terms are copied.

A set of solved forms is represented by the type f'Solvedy". We represent ?
by the empty set of solved forms and we represent by a solved form with an
empty list of one-point mappings with an empty set of inequaities.

We want to extend an existing constraint C by a new partial constraint s' t.
Assume C is already a solved form (i.e.C : Solved). Instead of adding s' t to
the representation and apply regular rewriting, we design afunction makeEqual
that takes C, s and t as arguments and returns a (possibly empty) set of solved
forms. In this function, we unfold C. ° on s and t like before (conforming to
rule R) and check which rule of R applies. Instead of addingC. 9s)'C : qt)
we add the right hand side of the rewrite rule to C by recursive calls. Unless
C. Ys)'C : qt) is part of the solved form, it is not added to the representaion.
Adding C:. qs)'C : qt) to the solved form is done by addings 7! t to C. ° and
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re-evaluating C.cp’. Note that if C.cp’is empty, makeEqual is an implementation
of regular Robinson uni cation.

Equally, we construct makeGreater, which addss t to C. We use convenience
functions to apply makeEqual and makeGreater tof Solvedy. The full abstract
code is given in Appendix A.

4.3 Computing a satis able simple system

Since the number of simple systems corresponding to a solvéddrm is exponen-
tial, we will not compute every simple system and then checkts satis ability.
Instead, we build a graph representing all simple systems tat are consistent
with the Ipo and the constraints given by the solved form. We wse a backtrack-
ing algorithm to nd a satis able simple system. Satis abil ity is computed on
the y and backtracking is cut of early whenever possible.

In the simple systems graph the vertices represent sub-tersiand the edges
represent the Ipo-relationships between them. The graph isonstructed as fol-
lows:

{ Construct a list of all sub-terms of all terms in the constrained part.

{ Sort this list according to the partial ordering de ned by th e Ipo (The or-
dering is partial, since the sub-terms contain variables).

{ Represent the graphG by: (1) the set G:V of all vertices (2) the setG:M
G:V of minimal vertices and (3) the setsG:s(v) of all direct successors of
(.,e. Gs: GV IP (GV)).

{ Construct the graph adding all sub-terms from small to large

{ Add the edges representing the relations imposed by the cotrsined part.
If a cycle is introduced there will be no satis able simple systems.

The algorithm in Figure 4 will search through all simple systemss represented
by the simple systems graph. The arguments of the function hee the following
meaning:

{ G is the representation of the simple systems graph.

{ S is a partial simple system constructed so far. Initially, S is empty.

{ in is an array stating for every vertex v the number of incoming edges when
all vertices already in S are removed from the graph. Ifin[v] > 0, v may not
be used to extendS, since obviously other vertices have to be added rst. If
vis already in S thenin[v] = 1.

{ levelis the number of symbols already inS. Initially, this is O.

{ levels is an array stating for every vertex v with in[v] = 0 the minimum
value that level must have before it may be used to extendS. levels is
updated during recursion whenever a vertexv is selected to extendS. The
idea is that when v is (and the corresponding edges are) removed frorng,
the vertices G:s(v) may not be prepended to extendS, unless at least one

has been inserted aftew.
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0 function  ndSimpleSystem( G :Graph; S :SimpleSystem;
in :G:V ! int;level:int;
levels: G:V ! int
) f SimpleSystemgj[

1 r:=;;

2 if jSj=jGVvij! r:=1fSg

3 else

4  foreach v2 G:V do

5 if in[v]=0 !

6 infv]:= 1,

7 foreach n 2 G:s(v) do

8 in[n]:==in[n] 1;

9 levels[n] := level +1

10 od;

11 if level > levels [v]*valid(v' S) !

12 r := r[ ndSimpleSystem( G;v' S;in;level;levels)
13 ;

14 if valid(v S)*j Sj60 !

15 r := r[ ndSimpleSystem( G;v S;in;level +1;levels)
16

17 foreach n 2 G:s(v) do in[n]:= in[n]+1 od;
18 infv]:=0

19

20 od

21 ;

22 return r

23]

Fig.4. The backtracking algorithm to extract a satis able simple s ystem from the
simple systems graph.
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The function valid checks the satis ability constraints of the simple system.
It assumes that S is already satis able and only checks if the extension (eitter
v' or v ) introduces inconsistencies. This is done by checking theanstraints
stated in Section 3.3. Constraint 3 holds by construction.

Any simple system which containst;' t, has the same solutions as the simple
system in which t; and t, are swapped. Therefore, extending a simple system
with t'  will only be considered ift is greater than that of the topmost term of
the simple system according to some total ordering on termse.g. the alphabetic
ordering on textual representation of terms).

Computation is aborted as soon as a satis able simple systens found.

5 Conclusion

In this paper we have shown how to fully implement a rigid E-uni cation algo-
rithm. Although the problem itself is NP-complete [7], we paid much attention
to e ciency.

We improved on the BSE calculus with the eBSE calculus, allowing us to
pre-compute and re-use applications of thdrbs rule. This allows us to easily
embed the rigid E-uni er in a tableau based theorem prover, where each node
contains one set of equations. This set is represented as akied list, the tail of
which is always the set of equations of the parent node. Hengave avoid both
multiple computation and multiple storage of equations.

We implemented R using recursive functions without performing any sub-
stitutions or storing intermediate results. All solved forms are computed rst
and simple systems are only computed if there are no solved fims without con-
strained parts. This often allows us to skip the exponential part of computing
rigid E-uni ers.

Finally, we computed a satis able simple system using an inermediate graph
structure. This way we avoid constructing the exponential rumber of simple
systems explicitly and also we cut of computations of simplesystems as soon it
is trivially bottom.

In our experiments so far it turns out that most rigid E-uni ¢ ation problems
are solved without the exhaustive search for a satis able shple system. This
yields an e cient implementation for our purposes. Unfortu nately, since other
rigid E-uni cation algorithms are embedded within theorem provers, we cannot
directly compare our results to other implementations in an easy way.

Our next step will be the embedding of this rigid E-uni er in t he tableaux
based theorem prover of Cocktail [5]. Also, we want to transhte the trees gener-
ated by the eBSE calculus into -terms, since this allows full embedding of the
entire automated theorem prover in systems like Coq [2].
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APPENDIX

For your convenience this appendix contains some additionamaterial that
might be of interest.

A Abstract code implementation for R

The abstract algorithm to compute solved forms for a given (n)equality is given
in Figures 5 and 6. We provide line numbers to simplify the digussion that
follows:

makeEqual (lines O till 18) implements the rules D1, C1, R and O1. Note
that if the constrained part is empty, makeEqual implements a regular Robinson
uni cation algorithm. The idea is that the solved form is ext ended such that it
also unies (s) and (t) if possible. It returns a set of solved forms that satisfy
this requirement. Note that this function will never abort, but instead return an
empty set of solutions.

makeEqualSet (lines 19 till 21) is a convenience function to apply the
previous function to a set of solved forms instead of a singlsolved form and
return the union of the results.

addSubst (lines 22 till 26) implements the rule R and is called only by
makeEqual. Instead of only adjusting ° which in our representation is trivial,
addSubst also has to re-evaluate the constrained part of thesolved form sol,
since these inequations also might contain references to ¢éhvariable v. The re-
evaluation takes place by using makeGreater to add all the iequations ofsol:cp”
to a solved form initially containing only sol: ° This results in a complicated
mutually recursive pattern between makeEqual an makeGreagr. Termination of
this recursion is discussed later.

occursCheck (lines 27 till 34) checks if variablev occurs in (s).

makeGreater (lines 35 till 64) implements all inequality rules of R, ex-
cept T2. The idea of this function is that the solved form sol is extended to a
solved form that also satises (s) (t). Instead of adding the constraint to a
set and rewriting it to a solved form, the rewriting takes place directly and only
if (s) (t)is part of the solved form, s t is added to sol:cf’. Lines 28 and 29
unfold the substitution far enough to decide on the rst function symbol of (s)
and (t). Therules T1, O2 and O3 are applied in the cases where(s) or (t) are
a variable (lines 30 till 35). Rule D2 (lines 38 till 41) is computed by recursively
adding all the constraints of D2's right hand side to the soled form. Since every
addition may return a set of solved forms,sol is put in a set and makeGreater-
Set is used instead of makeGreater. Rule D3 (lines 42 and 43)nsply unites the
solved forms obtained from extendingsol with all disjuncts of the right hand
side of D3. Finally, D4 (lines 44 till 53) is computed in two steps. In line 45

create the initial set S of solved forms that make up the result. Then, in line 46
till 52 the remaining disjuncts of D4 are computed one by onen variable H and
joined with S. eqinvariantly contains all solved forms obtained by extending sol
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0 function makeEqual(sol :Solved; s;t: T) : f Solvedg j[

1 while (9e:s7! e2sol: ! s:= sol: {s);

2 while (9eit7! e2sol: 9! t:= sol: t);

3 ifs2Vv !

4 ifs=t ! return fsolg==special case of rule D1

5 elseif (occursCheck(sol: 0;s;t) I return ; ==rule O1

6  else return addSubst(sol;s;t) ==rule R

7

8 elseif t2V ! return makeEqual(sol;t;s)

9 else

10 let f(sol: %s1);:::;s0l: %sn)):: s;g(sol: %t1);:::;s0l: Ytm))
11 iff' g ! ==rule D1

12 SOL:= fsolg;

13 foreach i:1 i n do H :=makeEqualSet(SOL;s;;t;) od;
14 return SOL

15 elsereturn ; ==rule C1

16

17

18]

19 function @akeEquaISet(SOL: fSolvedy; s;t:T): fSolvedy j[
20 return ( sol:sol 2SOL:makeEqualsol;s;t))
21]

22 function addSubst(sol :Solved; v:V; t:T): fSolvedg j[
23 H := fhh(v 7! t);sol: %;;ig ;

24 for (s t2 sol:cp® do H :=makeGreaterSet(H;s;t) od;
25 return H

26]

27 function occursCheck( °:list of V 7! T; v:V; s:T): bool j[
28 while (9efs7!el2 9 ! s:= Ys);
29 ifs2V ! return s=v

30 else

31 let f( Ay As)) s

32 return ( i:1 i n:occursCheck(%v;si))
33

341]

Fig.5. implementing R for equalities
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35 function makeGreater(sol :Solved; s;t: T): f Solvedg j[
36 while (9e:s7! e2sol: )! s:= sol: U(s);

37 while (9eit 7' e2sol: )! t:= sol: %t);

38 if (s2V)_(t2V) !

39 if s2V ~ occursCheck(sol: 0 g: t)! return ; ==rule O3
40  elseif t 2V~ occursCheck(sol: %t;s) ! return fsolg ==rule 02
41  elseif (t s) 2 sol:cp®! return ; ==rule T1

42  elsereturn fhsol: %sol:cp’[f s tgig =dirreducable s t
43

44 else
45 et £( %s1);iiz; Usa)) nosigl Ata);iin Ytm)) ot
46 iff>pg! ==D2
47 H := fsolg;
48 foreach i:1 i m do H :=makeGreaterSet(H;s;ti) od;
49 return H
50 elseif g>gf ! ==D3
i

51 return ( i:0 i n:makeEqual(sol;si;t)[
makeGreater(sol; s;; t))
52 else==£"' g ! D4
53 S=( i:1 i n:makeEqual(sol;si;t)[
makeGreater(sol; si;t));
54 eq:= fsolg;
55 for i :=1 to n do

56 H :=makeGreater( eq; s;ti);

57 foreach j:i+1 j ndo H :=makeGreaterSet(H;s;t;) od;
58 S:=S[ H;

59 eq:=makeEqualSet(eq;s;ti)

60 od;

61 return S

62

63

64

65 function rgakeGreaterSet(SOL: fSolvedy; s;t:T): fSolvedy j[
66 return (  sol: sol 2SOL:makeGreater(sol; s;t))
67

Fig.6. implementing R for inequalities

45
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with the equalities s;' t3;:::s; 1" ti 1. Using this invariant H can be initialized
e ciently.

makeGreaterSet (lines 65 till 67) is, like makeEqualSet, a convenience
function to apply the function makeGreater to a set of solvedforms instead of a
single solved form and return the union of the results.

Termination of the algorithm can be seen as follows: every reursive call
either deals with sub-terms of the original arguments (cal to makeEqual, ma-
keEqualSet, makeGreater or makeGreaterSet) or it eliminaés one of the free
variables (calls to addSubst).
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Abstract  Rules that are admissible can be used in any derivations in
any axiomatic system of a logic. In this paper we introduce a m ethod for
checking the admissibility of rules in the modal logic S4. Our method is
based on a standard semantic ground tableau approach. In paticular,
we reduce rule admissibility in S4 to satis ability of a formula in a logic
that extends S4. The extended logic is characterised by a class of models
that satisfy a variant of the co-cover property. The class of models can
be formalised by a well-de ned rst-order speci cation. Us ing a recently
introduced framework for synthesising tableau decision procedures this
can be turned into a sound, complete and terminating tableau calculus
for the extended logic, and gives a tableau-based method fordetermining
the admissibility of rules.

1 Introduction

Logical admissible rules were rst considered by Lorenzend]. Initial investiga-
tions were limited to observations on the existence of inteesting examples of ad-
missible rules that are not derivable (see Harrop [6], Mints[9]). The area gained
new momentum when Fridman [2] posed the question whether afyrithms exist
for recognising whether rules in intuitionistic propositional logic IPC are admis-
sible. This problem and the corresponding problem for modalogic S4 are solved
a rmatively in Rybakov [11,12]. The same approach can be usel for a broad
range of propositional modal logics, for exampleK4, S4, GL [13]. Roziere [10]
presents a solution to Fridman's problem for IPC that uses methods of proof
theory.

The theory of admissible rules inS4 does not have the nite approximation
property [7] in the strict sense. The algorithm in [11] is bagd on the existence
of a model (of bounded size) that witnesses the non-admissiiity of a rule, but
is not necessarily a model for all the other admissible rulesin [1] it is observed
that a witnessing model can be obtained by Itration.

Admissibility of rules has direct connections to the problem of uni cation.
A re ned technique [13] is used for admissibility of rules wih meta-variables,
for uni cation, for uni cation with parameters, and for the solvability of logical
equations in transitive modal logics.
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Algorithms deciding admissibility for some transitive modal logics and IPC,
based on projective formulae and uni cation, are describedin Ghilardi [3,4,5].
They combine resolution and tableau approaches for nding pojective approx-
imations of a formula and rely on the existence of an algoritim for theorem
proving. A practically feasible realisation for S4 was reported in [19]. These al-
gorithms were speci cally designed for nding general soldions for matching
and uni cation problems. In contrast, the original algorit hm of [11] can be used
to nd only some solution of such problems inS4.

In this paper we focus onS4 and introduce a new method for recognising the
admissibility of rules. Our method is based on the reductionof the problem of
rule admissibility in S4to the satis ability of a certain formula in an extension
of S4 We refer to the extended logic asS4"* . S4"" can be characterised by a
class of models that satisfy a variant of the co-cover propdy that is de nable
by modal formulae. This property is expressible in rst-order logic and means
that the semantics of the logic can be formalised in rst-order logic. We exploit
this property in order to devise a tableau calculus for S4"* in a recently in-
troduced framework for automatically synthesising tableau calculi and decision
procedures [16,17].

The tableau synthesis method of [17] works as follows.

(i) The user de nes the formal semantics of the given logic ina many-sorted
rst-order language so that certain well-de nedness condtions hold.

(i) The method automatically reduces the semantic speci cation of the logic
to Skolemised implicational forms which are then rewritten as tableau in-
ference rules. These are combined with some default closuend equality
rules.

The set of rules obtained in this way provides a sound and conguctively com-
plete calculus. Furthermore, this set of rules automaticaly has a subformula
property with respect to a nite subformula operator. If the logic can be shown
to admit nite Itration with respect to a well-de ned rst-  order semantics then
adding a general blocking mechanism produces a terminatindableau calcu-
lus [16].

We show how, using this method, a sound, complete and terminting tableau
calculus can be synthesised for the extended logi§4"" . This tableau calculus
is then incorporated into a method for solving the rule admissibility problem
in S4

The paper is structured as follows. In Section 2 we de ne the gntax and se-
mantics of the modal logicS4, and its extension S4' with the universal modality,
in such a way that they can be accommodated in the tableau syrdiesis frame-
work of [17]. The section also de nes standard modal logic awstructions and
notions required for the main results of the paper. In Sectiom 3, we give de ni-
tions of derivable and admissible rules forS4 and state Rybakov's criterion for
testing admissibility of rules in S4. The reduction of rule admissibility in S4to
satis ability in S4"" is described in Section 4. In Section 5, we show how the
formulaic variant of the co-cover property can be expressetyy a set of rst-order
formulae that provide a suitable background theory for the eci cation of the
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De nitions of connectives:

8x( (px)$:  (pix))
8X( (p_a;x) 8 (pix)_ (a:x)
8x( ( p;x) $9 y(R(XY)™N (m:Y))

Background theory:

8xy:z(R(xy) " R(y;2) ! R(x;2))
8xR (x;x)

Figure 1. Speci cation of the semantics of S4in Sss

semantics ofS4"" in the tableau synthesis framework. Within this framework
we can then synthesise sound and complete tableau calculifdhe logics S4"*
and S4'. Under certain conditions it is possible to re ne the rules d the calcu-
lus that are generated by default [17]. These conditions ardrue for the logics
we consider and is discussed in Section 6. Section 7 describeow terminating
tableau calculi can be obtained by adding the unrestricted tlocking mechanism
of [15,16]. In Section 8, we nally give an algorithm for testing rule admissibility,
but also rule derivability, in S4. In Section 9 we conclude with a discussion of the
applicability of the algorithm and method to other logics and various problems
closely related to admissibility.

For lack of space some of the details of the tableau synthesfsamework are
omitted; for these the interested reader is referred to [17hnd also [15,16].

2 Syntax and Semantics

We denote the language of the modal logi&4by L s4. L s4 is given by the standard
modal language over a countable set of propositional varialesf p; q; p; to;:: 0,
the Boolean logical connectives and _, and the modal connective . Other
Boolean connectives such ag, ?,~,! , and $ and the modal connective
are denedvia:, ,and as usual.

Let LY, denote the extension of the languagels4 with the “somewhere’
modality hui. The dual modality :hui: is the universal modality, which is de-
noted by [u].

For a faemula , we denote by sul ) the set of all subformulae of . Let
suff ) £ Tfsul{ ) j 2 g for any set of formulae . We usually write
sub( 1;:::; ) rather than sul(f 1;:::; nQ). A set of formulae is called a
signaturei subl )= .

Following the tableau synthesis framework in [17], we accomodate L¢, in
a multi-sorted rst-order speci cation language. This speci cation language in-
cludes a countable seff X;y; z; Xo; Yo; Zo; : : :g of rst-order variables that repre-
sent elements in models, the binary predicate symbdR of the background theory
that represents the accessibility relation, and a binary (ntersort) predicate sym-
bol  which represents the forcing relationj. ( can be thought of as a holds
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predicate.) Figure 1 gives the rst-order semantic speci cation of the standard
semantics ofS4in the framework. We denote the speci cation by Sgs. In addi-
tion to the formulae of Figure 1, Ss4 includes the usual congruence axioms for
the equality predicate , see [17] for details.

Thus, an S4(Kripke) model (of a signature ) is a rst-order model M =
HWMRM: Mi that validates all the formulae of Figure 1 under arbitrary sub-
stitutions of L s4-formulae (from the signature ) for propositional variables p
and g.

Let S4' be the extension ofS4 with the somewhere (or universal) modal-
ity. The semantic speci cation of S4, denoted by Ssy, is the extension of the
speci cation Sg4 of S4 with

1) 8x( (hip;x)$9y (p;y):

This de nes the somewhere modalityhui. An S4'-model (of a signature ) is by
de nition a rst-order model M = HWM;RM; Mj that validates this formula
in addition to all the formulae of Figure 1 under arbitrary su bstitutions of L{,-
formulae (from the signature ) for propositional variables p and q.

Note that if M is a model of the signature then M is also a model of
any signature © . In the other direction, it is clear that every model M of
a smaller signature © can be extended to a model of a bigger signature by
(re)de ning the interpretation of  on formulae from n 9 (by induction on
their length). We often use these facts when de ning models.

A (Kripke) frame of S4 (resp. S4) is a rst-order structure F = WWF;RFi
that validates all the formulae of the background theory of Ss4 (resp. Ssa).
A model M is based on a frameF (or the underlying frame of M is F) i
wM = wF and RM = RF,

A cluster of a modelM is a setU WM such that for all w 2 WM and
u 2 U it holds that (w;u);(u;w) 2 RM i w2 U. Any set of RM -incomparable
clusters of M is called ananti-chain in M.

Let be a xed signature and M a model of the signature . We say that
aformula 2 istrue (satised) in a world w2 WM (in symbols M;w F )
i (;w)2 M_Aformula (from )is valid in M (in symbols M E )i
M;w F for everyw 2 WM. And, as usual, is satis able in M i there is
w2 WM suchthatM;w F .Aformula 2 isvalid in aframeF (in symbols
FFE )i itistrue in every model M of the signature based onF.

For a signature  and every elementw of WM we dene a -type (w)
of w as the set of all formulae from which are true in w, namely:

w) £f 2 jMwE g

We omit the superscript and write (w) if is known from the context. A
model M of a signature is called -dierentiated i (w) = (v) implies
w = v forall w;v2 WM. AmodelM of asignature is -formulaic i for every
elementw 2 WM there is a formula 2  such that M;w E  and M;v 6j
for all v 2 WM nfwg. It is clear that if is nite then every -di erentiated
model is also -formulaic.
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We call a Kripke model M of a signature °a de nable variant of a modelN
of a signature if M and N are based on the same frame and for every propo-
sitional variable p 2 Cthere is a formula 2  such that M;w F p
N;w F foreveryw 2 WM = wN,

Let be the set of all formulae inn variablespy;:::;p,. An S4modelM of
signature is called ann-characterising model forS4i M E () 2 54
for every 2

3 Rules Admissible for S4

Since the language 0fS4 contains conjunction, without loss of generality we
consider only one-premise rules. Aule is a pair h; i of Lss-formulae, usually
written = . Aruler = = isvalid in a modelM (writen M Fr)i M E
implies M E . Arule r is valid on a frameF (written F F r) i r is valid
in any model M based onF. Two rules ry, r, are semantically equivalent or
simply equivalent if F F rq () F F r, for any frame F.

Arule r = = isderivablein S4i is derivable from and the theorems
of S4 with the rule of modus ponens and the rule of necessitation.tlis clear
that r is derivable in S4i r is valid in every S4model. The following variant of
the deduction theorem in S4 can be proved by standard methods.

Theorem 1. Arule = is derivable inS4i [u] ~: is unsatis able in S4.

Arule r = = is admissible for the modal logic S4, written r 2 Adm(S4), if
for every substitution from () 2 S4it follows that ( ) 2 S4

A series Ch,(S4, n > 0, of formulaic and n-characterising S4 models is
described in [13]. These models are used in the descriptionf she following
admissibility criterion.

Theorem 2 (Corollary of Theorem 3.3.3 [13]). A rule is admissible in S4
i it is valid in a de nable variant of Ch,(S4) for eachn > 0.

The most important property for the result of this paper is th at the models
Ch,(S4), n > 0, and their de nable variants possess the co-cover propeyt By
de nition, a model M has the co-cover property (CCP) if for every nite anti-
chainD WM (D may be empty), there exists a one-element clusteiwg WM
such that

[
fu2zwMjwu2RMg=fwg] fu2wWMj(v;u2RMg:
v2D

The one-element cluster is called ao-cover for D. Note that a co-cover for the
empty anti-chain is a maximal one-element cluster ofM .
A rule r is said to be inreduced normal form if it has the form

(rnf) r= i =p;
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and each disjunct ; has the form
N N
t(i; O i 1).
b= R e,
06i6n 06i6n

f0;1g), and (iv) °%£: and 'Z for any formula
Using the renaming technique any modal rule can be transforrad into an
equivalent rule in reduced normal form [11].

Lemma 1. Any rule r = = can be transformed in exponential time to an
equivalent rule in reduced normal form.

Proof. We describe the algorithm of [13] (Lemma 3.1.3 and Theorem 3.11).
Letr = = be arule. We need a set of new variablebq j 2 sul(; )g. The
rststepistoreplacer = = withr;= ~(q $ )=q.Itis easy to see that
r is refuted on a frameF i r; can be refuted on the same framd-. Therefore
r and r; are equivalent.

Inductive step: Suppose the ruler; = ;=g was obtained in theith step. We
call aformula 2 sul( ;)\ sul(; ) nal,ifitis nota variable and not a proper
subformula of any other formula in subl( ;)\ sub(; ). Let T; be the set of all
nal formulae obtained at the ith step. We replace the ruler; with a new one,

namely risz1 = j+1=q, where
it = ()N (g% )*(@s N~ a$ )
q q2T; q 2T

and t;( ;) is the formula obtained from ; by replacing all nal subformulae
with q . It is straightforward to check that r; and rij;; are equivalent.

Note that every inductive step reduces the maximal height othe non-Boolean
subformulae of the rule. Therefore after a nite number of steps we get a
premise g, which is a Boolean combination ofliterals of the form p or p,
where p is a propositional variable. We denote this intermediate fom by do(r)
(depth-one form).

Finally, we transform the premise of the obtained rulery = ¢=q into
disjunctive normal form over literals. This requires no more than exponential
time on the number of variables, i.e., on the number of subfomulae of the original
rule, which is the same as for the reduction of any Boolean fanula to disjunctive
normal form. 9]

The reduced normal form, obtained in Lemma 1, is uniquely dened and is
denoted by rnf(r). Note that Lemma 1 proves more than the equivalence of
and rnf(r). In particular, from the proof it follows that if r is refutable in a
model N then rnf(r) is refutable in a de nable variant M of N with M;w [
qa 0 N;wpE forall 2sub(; ).
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Let r be any rule in reduced normal form (rnf). Let (r) £ f 1;:::; <gbe
the set of all disjuncts ofr. For every ; 2 (r), let

(i) € fpjt@f; 00=1g and () £ fpjtGp 1)=1g

That is, ( ;) denotes the set of variables of with positive occurrences in j,
and ( j) is the set of variablesp; of r with the positive occurrence of p
in

Historically the rst algorithm for recognising admissibl e rules of S4 was
based on the next theorem. Its formulation requires the folbwing de nition,
which is taken from [11]. For every subset of disjunctsW (rf(r)), let
M (rnf(r); W) denote the Kripke model in which WM £'w,

RM € (1 2)j (20 (g and (p; )2 M 0 p2 ()

Theorem 3 (Theorem 3.9.6 [13]). A rule rmf(r) is admissible for S4i for
any setW (rnf(r)), the modelM (rnf(r); W) fails to have at least one of the
following properties.

(al) Thereis ; 2 W such thatM (rnf(r); W); ; & po.

(@2) M (mf(r);W); ; F ; forall ; 2 W.

(a3) For any subsetD of M there exists ; 2 W such that

[
()= (DI (@F
2D
Note that in (a3), D can be empty.
Theorem 3 implies that we can employ this algorithm for recogising the
admissibility of a rule r in S4[11].

Step 1. Reduce ruler to depth-one-form do(r).

Step 2. Construct from the do(r) the reduced form rnf(r).

Step 3. For every subsetW of the set of disjuncts of rnf(r), check whether the
conditions of Theorem 3 hold.

Step 4. If the conditions (al){(a3) of Theorem 3 are satis ed for someW, then
r is not admissible for S4, otherwiser is admissible forS4.

Step 1 can be done in polynomial time, Step 2 can be done in expential time,
and Step 3 can be done in exponential time. This means the timeomplexity of
the algorithm is bounded by a doubly-exponential function in the length of r.

4 Semantic Characterisation of Admissibility

We now give a semantic characterisation of admissibility inS4 We say that
an S4'-model satis es the formula de nable co-cover property if the following
(in nite) set of axioms hold (for n > 0):

(FCCP) 9ax8p( ( p;x) ! (p;X))
8x1  8xn,9x8p R(X;x1)N N R(Xxp)"
()t (EX)_ (pix)_ — (pixa)) :
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Let Skccp be the semantic speci cation consisting of the (FCCP) formuae
and the formulae in Ssq. Let FCCH( ) be the class of allS4'-models of the sig-
nature that satisfy all instances of the formulae of Seccp under substitutions
of L¢,-formulae in  for propositional variables.

Let S4"* be the modal logic with the languagel &, that has Sgccp as seman-
tic speci cation. The following theorem is a direct conseqtence of the de nitions
above and the fact that all n-characterising modelsCh, (S4) for S4 satisfy the
(FCCP) formulae.

Theorem 4. S4™" is a conservative extension oS4

Now we prove that S4"* has the e ective nite model property. Let be a
xed signature andM an S4"* -model of the signature . We de ne the ltrated
(through ) model M as follows. The equivalence on the setWM is de ned
byw v(0*® (w)= (v).Further, [w] £ fv2 WM jw vgand WM £ f[w]]
w2 WMg. Next, RM £ f([w];[v]) jM;v F impliesM;w F  forevery 2

gand, nally, M £f(; w])j(;w)2 Mgforevery 2

The following lemma can be proved by induction on the structue of formulae

in by verifying that all semantic conditions in Sgccp hold.

Lemma 2 (Filtration Lemma). M is an S4"* -model of the signature

Note that by de nition M is -di erentiated and it is nite whenever is nite.

Theorem 5 (The E ective Finite Model Property). Let be a formula
and n the length of (i.e., the number of symbols in ). If is satis able in an
S4"* -model (of the signaturesul( )) then it is satis able in a nite S4"" -model
(of the signature sul( )) and its size does not excee@".

Theorem 6. = 2 Adm(S4) i [u] ~: is unsatis able in S4"*.

Proof. Suppose = is not admissible andps;:::;p, are all the propositional
variables occurring in  and . Then there is a modelM |a de nable variant
of Ch,(S4) such that M 6§ = . This model has the co-cover property and it is

routine to transform M into an S4"* -model satisfying u] ~:

For the converse, let £ sub([u] ~: )and suppose{] ~: is satis ablein
an S4"* -model. Then it is satis able in a nite  -di erentiated S4"* -model M
(of the signature ), by the Filtration Lemma. Let sub (; ) £'f | 2
sub(; )g[ sub(; ) for any Lgs-formulae and . For every w 2 WM et

w)£'f 2sub(; )jM;wE gand

N N
(w) qn q( )
2sub(; ) 2sub(; )

where is the characteristic function of the set  (w). Let us consider the model
M EHWM :RM : M where

{ WM £ (w)jw2wMg,
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{ ((; )2R" 0% (uv)2RM,
{@; wy2 " 0" MwF
Each (w) is a disjunct in reduced normal form rnf(r). Therefore we have that
{ wM (rnf(r)),
{ WM ;RM i is isomorphic to the underlying frame of M,
{ M satis es conditions (al){(a3) of Theorem 3.

By Theorem 3, rnf(r) is not admissible, and hence neither ig .

5 Synthesising a Tableau Calculus

We now apply the method of [17] to generate a sound and constaiively complete
tableau calculus forS4"* . In order to apply the method we must ensure that the
semantic speci cation Spccp of S4"* is well-de ned in the sense of [17]. First,
Srkccp Must be normalised in the following sense: (i) all the formube specify-
ing semantics arelL §,-open, i.e., they do not contain quanti ers of propositional

variables, and (i) all the formulae in Sgccp are divided into three groups: posi-
tive and negative de nitions of the semantics of the connecives of the logic, and
a background theory that imposes frame conditions. It is al® required that all

formulae in the background theory do not contain any non-atanic modal terms.

Every de nition of the LY, connectives inSgccp (in Figure 1 and (1)) can
be split into two implications. The resulting set of formulae can be divided into
the required two groups of positive and negative connectivede nitions. The
third group, the background theory of S4"* | consists of formulae specifying the
re exivity and transitivity for the relation R and the (FCCP) formulae.

The main di culties for the normalisation of the speci cati on Sgccp are the
occurrences of the non-atomic modal term p and the quanti cation of the vari-
able p in (FCCP). To solve this problem we rst replace every formula ( p;y)
by its semantic equivalent9z(R(y;z) * (p;z)) and transform the resulting for-
mulae into the prenex normal form. This gives us:

9x8p8y (R(x;y)* (my)! (pX)
8x1  8X,9x8p8y9z R(x;x1)™ N R(X;xp)"
(ROGY)™N () ! (X)) _( (p;2) N (R(X1;52) . _ R(Xn;2)))

These formulae are still not L¢,-open formulae as required in [17] because of
the quanti ers on p. However, using Skolemisation it is possible to eliminate &
existential quanti ers preceding the p-quanti ers in the formulae and then we
can omit the quanti ers of p. In addition, we split the long formulae in two parts.
We get:

(FCCP9 8y (R(go:y)™ (Piy)!  (Pito)
8x1  8Xp R(gn(X1;::::Xn);X1) ™ ™ R(Gn(X1;::::Xn);Xn)
8x1  8Xn8y9z (R(Gn(X1;:::;Xn);Y) ™ (P;Y)) !
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Decomposition tableau rules:

(: p;x) C(pix)
o (prx) (p; x)
(P_a;x) D (p_aix)

(psx) i (a;%) o(psx); o (a;x)
( p;x) ¢ mx)

ROGT (px);  (pif (p;x)) TROGY) T (pry)
(huip; x) (Chuip;x); vy
(p; fu(p) ©(pry)
Theory tableau rules:
X X X Xy y,z z
R(x;x) CR(Xy) i R(y;2) j R(X;2)

In nite set of (FCCP) tableau rules ( n> 0):

) P Py v
TR(@Y) T (esY) ) (Pdo)

oy XL X i Xn Xai Yy

CC ).

°7T R(G (X);x1); i R(Gn(X);Xn)

p P, X1 X1, i1, Xn Xn; Y Yy

(ccl ):

TREKAY) T (YY) T (P (X)) ] R(Xha(PiX3Y)): (Piha(PiXY))
Closure tableau rules:

1(Pix);  a(pix) R(xy): : R(Xy)
? ?

Figure 2. Generated tableau rules for S4"*

Here,g, (n  0) denote the introduced Skolem symbols.

We use the notation S8.., for the semantic specication obtained from
Srkccp Where all (FCCP) formulae have been replaced by the correspualing
(FCCP9) formulae. It is clear that for every rst-order structure M, the universal
closure of Seccp and the universal closure ofSECCP are equisatis able in M.
Hence, the transformed semanticS2-p is equivalent to Seccp and axiomatises
the same class of models.

Now we are ready to synthesise tableau calculi fron82..p . The generated
tableau rules are given in Figure 2. The symbold , f, g,, h, denote Skolem
functions and gy denotes a Skolem constant.

Let T be the tableau calculus consisting of the rules of Figure 2 ah the
standard tableau rules for equality. The equality tableau rules are obtained from
the equality congruence axioms, which are always includedni the background
theory of any semantic speci cation, see [17].

Given a formula , and assuming our aim is to determine the satis ability
of , the start of any tableau derivation is the formula (;a), where a is an
arbitrary constant a that does not occur in the rules of T. a can be viewed as
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a Skolem constant introduced for9x in the formula 9x (;x ). The rules of the
calculus are applied top-down in the familiar way.

We assume the following de nitions from [16,17]. Let T denote a tableau
calculus and is a formula. We denote byT( ) a nished tableau derivation for
testing the satis ability of . That is, all branches in the tableau derivation are
fully expanded and all applicable rules ofT have been applied inT( ). As usual
we assume that all the rules of the calculus are applied nonaterministically.
A branch of a tableau derivation is closed if a closure rule has been applied,
otherwise the branch is calledopen The tableau derivation T( ) is closedif all
its branches are closed andr'( ) is open otherwise. A calculusT is sound (for
a logicL) i for any formula , eachT( ) is open whenever is satis able in
an L-model. T is complete i for any unsatis able formula there is aT( )
which is closed.T is constructively complete (for L) i for any open branch in
a nished tableau derivation in T it is possible to construct an L-model from
terms of the branch such that the model re ects all the formulae occurring in
the branch. (Constructive completeness is a stronger notio than completeness.)
T is said to beterminating if every nished open tableau derivation in T has a
nite open branch.

It is easy to check that the speci cation S2.cp for S4"* is well-de ned in
the sense of [17]. A consequence of [17, Theorems 1 and 2] issthesult.

Theorem 7. T is a sound and constructively complete calculus fo84"" .

6 A Re ned Tableau Calculus

The generated calculusT can be re ned as follows. First, the rules (c§) can be
replaced by these equivalent rules:
P P, X2 X1, iy Xn Xp, YO Y
CRE®)Y) J ey ] (k) ] (peixa) ] ( pixXn)

It is clear that the rules are sound for S4"* . Furthermore, the rules (cc]) are
derivable from these rules and the diamond rule.

Second, it is possible to re ne the calculus by moving negate conclusions
in certain rules up to numerator positions. We move formulaethat contain only
propositional variables and do not contain any complex modaterms upwards. It
is not di cult to check for each rule that the condition given in [17, Theorem 3]
for this re nement to preserve soundness and constructive ampleteness is true.

Third, we can apply the second re nement described in [17, Setion 5]. For
this we extend the languagelL ¢, by introducing a countable setfi;j; k;::: g of
nominal variables and logical connectives (acting on nomials) which correspond
to Skolem functions and constants. The @ operator can be intrduced and spec-
iedinsuchawaythat@ Z[u](i! ) forevery nominal termi and formula
(of the extended language). It is not di cult to see that the s emantics of all the
connectives of the extended language can be represented ihe language itself
(see [17, Section 5]).
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Decomposition tableau rules:

L@ op
) @p
() 8k_9 .y @ (_9
T @pjaQq TT@p @:q
Oy @ p (:):@: p; @ j
@ f (pii); @ pi)p @:p
. @huip . @:huip; @]
(hui): Ghui) ————
@u(p)p @: p
Theory tableau rules:
. @i @i gk
(re): @ i (trans): @ K
In nite set of (FCCP 9) tableau rules (n > 0):
i, @p
(CCOO)I @30
@yop
@,i1; i, @,in
on y. 1 n
O @i 11 @ o
@gn(i_) L Qp

(cc’):

@, nPi @, pj i@, p

Closure tableau rules:
Qp, @:p

(?) —

Figure 3. Re ned tableau rules for S4**

Summing up, the re ned rules we obtain are given in Figure 3. h these rules,
i;j;K;i 1;:::;in denote nominal variables, andf , f,, and g, (n 0) denote
“nominal functions' which correspond to the Skolem functioms with same names.

Let T* be the tableau calculus which consists of the rules of Figur8 and the
re ned equality rules given in Figure 4. In T*, a tableau derivation for testing
the satis ability of starts with a formula @;, whereig is a fresh nominal
constant.

Theorem 8. T* is a sound and constructively complete tableau calculus for
sS4,

7 A Terminating Tableau Calculus

Our proof of Theorem 5 that S4"* has the e ective nite model property uses
a ltration argument. That is, in the terminology of [16], S4"" admits nite
Itration. Using the results of [16], this means that the tab leau calculi generated
in Section 5 and 6 can be turned into terminating tableau calali. In particular,
we are interested only in the re ned calculusT™.
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_@p @i @i @k
(re ): i (sym ): i (trans ): @k
(con o) 7@ p@ p@] (con 1): 7@ CCJQ’ k@ K

Figure4. Re ned equality congruence rules
Adding the following unrestricted blocking rule to T* gives a terminating
tableau calculus. ) .
Q@i; Q]

b): ————
Yaiia:]

The conditions that blocking must satisfy are:

(

(b1) The rules ( ) and (hui) are never applied to formulae of the form @ j
and, respectively, @huij wherej is a nominal term.

(b2) If @;j appears in a branch andi <j (i.e., nominal i appeared strictly
earlier than nominal j in the derivation) then all further applications of
the tableau rules which produce new nominals (in our case thé ), (hui),
(cc®) and (cc®) rules) to the formulae with occurrences ofj are not
performed within the branch.

(b3) In every open branch there is some node from which point swards before
any application of any tableau rule that produces new nominds (i.e., the
( ), (hui), (cc®) and (cc%) rules) all possible applications of the (ub) rule
have been performed.

We denote the extended calculus byTgu.+ .
Since T* is sound and constructively complete forS4"*, and S4"* admits
nite Itration the results in [15] allow us to state:

Theorem 9. Tgu+ is a sound, (constructively) complete and terminating tab-
leau calculus forS4"* .

Let Tsa be the tableau calculus which consists of the same set of rideasT g+
but excludes the (FCCPY rules: (cc®), (cc%), and (cc%). Applying tableau
synthesis to S4' in a similar way gives the following result.

Theorem 10. Tsg is a sound, (constructively) complete and terminating tab-
leau calculus for S4"'.

8 A Tableau Method for Testing Rule Admissibility

Putting all the results together (in particular Theorems 1, 6, 9 and 10) here is a
method for determining whether a modal rule is admissible inS4, or not.

Step 1. Given anS4rule = ,rewriteitto [u] ~: .
Step 2. Use the tableau calculu§sg to test the satis ability of [ u] ~: in S4".
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Step 3. If Tspe(Ju] ~: )is closed, i.e., ij ”~: is unsatis able in S4', then
stop and return “derivable'.

Step 4. Otherwise (i.e., Tsg([u] ”: ) is open), continue the tableau derivation
with the rules in Tsg plus the rules (c), (cc%), and (cc?). In particu-
lar, continue the derivation with a nite open branch of Tsa([u] ~: )
using the rules of Tgu+ until the derivation stops.

Step 5. If T+ ([u] ": ) is closed then return not derivable and admissible’.
Otherwise, i.e., if Tgu+ ([u] ”~: ) is open, return “not admissible'.

The answers returned by the method are either derivable', "not derivable and
admissible’, or “not admissible'. If a rule is derivable it is also admissible (but
not conversely).

9 Concluding Remarks

A major diculty in dealing with  S4admissibility, is that the theory of S4
admissible rules does not have the nite approximation property [7], in this sense:
for a rule r 2 Adm(S4), there is no single nite Kripke model M separating r
from Adm(S4), (i.e., such that M E Adm(S4), but M & r). Therefore the
tableau algorithm that we have introduced in this paper builds open branches
that represent a (possibly) in nite  Adm(S4)-model and is a counter-model to
a non-admissible rule. The subsequent Itration provides a nite model (not
necessarily anAdm(S4)-model) witnessing the refutation.

A known algorithm that can handle S4-admissibility appears in Zucchelli [19]
and is based on the research of Ghilardi [3,4,5] on projectes approximations.
From the abstract [19], it follows that this algorithm combi nes resolution and
tableaux approaches for nding projective approximations of a formula and re-
lies on the existence of an algorithm for theorem proving. Tls algorithm is
speci cally constructed for describing general solutions(maximal general uni-
ers, maximal since there can be more than one) for matching ad uni cation
problems (all other solutions can be obtained as substitutbn variants of general
solutions). Applicability of this algorithm to the admissi bility problem is a side
e ect, depending on some speci ¢ properties 054 (see [5]). In contrast, the orig-
inal algorithm of [11] can be used to nd only some solution of matching and
uni cation problems in S4. In particular, this can be done through the relation:

an equation is solvable i arule =7? is not admissible.

We expect that our method can be modi ed for nding the general solutions of
logical equations as well.

Recently Wolter and Zakharyaschev [18] showed that modal Igics with the
universal modality that are situated between K" and K4" are undecidable with
respect to admissibility and even with respect to just uni cation. They posed
the question [18] whether the logicS4" is decidable with respect to admissibility.
This question is solved positively in Rybakov [14]. We stromly believe that our
tableau method can also be extended to rule admissibility inS4".
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In fact, our method of replacing the rst-order co-cover condition with its

formulaic variant (which is also rst-order but in the extended language) is not
restricted to S4. We expect that it can be modi ed to deal with a number of
other modal logics, especially those covered by the gener#tieory of [13]. Simi-
larly, it can be applied to their superintuitionistic count erparts (either through
Gedel's translation or directly) and to transitive modal | ogics augmented with
the universal modality [14].
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Abstract. We observe that the decision problem for the 9 theory of
real closed elds (RCF) is simply reducible to the decision p roblem for
RCF over a connective-free 8 language in which the only relation symbol
is a strict inequality. In particular, every 9 RCF sentence' can be
settled by deciding a proposition of the form \polynomial p ( which is a
sum of squares) takes on strictly positive values over the reals,” with p
simply derived from ' . Motivated by this observation, we pose the goal
of isolating a syntactic criterion characterising the posi tive de nite (i.e.,
strictly positive) real polynomials. Such a criterion woul d be a strictly
positive analogue to the fact that every positive semide ni te (i.e., non-
negative) real polynomial is a sum of squares of rational functions, as
established by Artin's positive solution to Hilbert's 17th  Problem. We
then prove that every positive de nite real polynomial isar atio of a Real
Nullstellensatz witness and a positive de nite real polyno mial. Finally,
we conjecture that every positive de nite real polynomial i s a product
of ratios of Real Nullstellensatz witnesses and examine an nteresting
rami cation of this conjecture *.

1 Motivation

Real polynomial (non-strict) positivity is a classically studied topic in real alge-
braic geometry with many applications to mainstream mathematics, theoretical
computer science, engineering, and the natural sciencesoFexample, the ter-
mination of rewriting systems [5], the construction of Lyapunov functions for
proving the stability of dynamical systems [3][7], and the dstiguishing between
separable and entangled quantum states [1] are problems thhaan be in many
cases solved by proving the non-negativity of certain asséated polynomials in
R[x].

1 We are extremely grateful to a number of helpful anonymous re ferees. In particular,
the rst referee pointed out that our main conjecture (Conje cture 1) is in fact known
to be true, and follows as a simple corollary of the Krivine-S tengle Positivstellensatz.
This referee then even took the time to construct an original proof of this conjecture,
given that the original references were not easily accessille. We must express our
true appreciation for this amazingly generous referee. We will attach this referee's
proof as an appendix to our paper.
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The work in this paper is motivated primarily by the wish for i mproved
decision methods for the quanti er-free fragment of the elenentary theory of
real closed elds. In particular, we observe that the satis ability of any boolean
combination of polynomial equations and inequalities oveR" can be reduced to
the strict positivity of an associated polynomial that is it self a sum of squares of
real polynomials. Wishing to make use of this observation inpractice, we then
ask: What form must a strictly positive real polynomial have?

Artin's positive solution to Hilbert's 17th Problem establ ished a syntactic
criterion for the non-negativity of a real polynomial, namely that every non-
negative real polynomial is a sum of squares of real rationdunctions. Is there
an analogous, sharper criterion for the strictly positive real polynomials?

2 Preliminaries

strictly positive reals, L the elementary language of ordered rings, andQF_
the collection of quanti er-free L formul . We rst recall some basic real alge-
braic preliminaries and then observe that the decision probem for the existential
fragment of RCF is simply reducible to the problem of whetheror not a sum of
squares of real polynomials is positive de nite.

De nition 1. A polynomial p 2 R[x] is positive de nite (resp. semide nite) i
8r 2 R"(p(r) > 0) (resp. 8r 2 R"(p(r) 0)). We say p is PD (resp. PSD) if p
is positive de nite (resp. semide nite).

Denition 2. A setS R" is semialgebraici S=fr 2 R" jhR;+; ; ;<
;0;1ij= " (r)g for some' 2 QF,..

De nition 3. A real algebraic variety is the locus of real zeros of a nite gstem

of real polynomials. That is, givenps;:::;pm 2 R[X],
VR(P1;::;pm) = fr 2R jpu(r)=0 "™ pn(r)=0g
= V(p1i:ii;pm) \ R
where V(p1;:::;pm) is the (complex) algebraic variety of classical algebraicey
ometry.

Observe that every real algebraic variety is semialgebraic

De nition 4.  The projection x : 2R" 1 2R “ of a semialgebraic setS
R" onto a lower-dimensional Euclidean space w.r.t. a collectin of eliminated
coordinates (wlog) X = f1;:::;kg (1 k n) is de ned as follows:

As every semialgebraic seS R" is of the form S = fr 2 R" j hRij= "' (r)g
for some' 2 QF_, we can describe the geometric operation of projection stcily
in terms of operations upon formul :
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where Ri is an abbreviation for R;+; ; ;<; 0;1i.

And so we see that the geometric operation of projection coesponds to the
logical operation of existential quanti cation. Surprisi ngly, adding a projection
operator to QF_ does not increase the expressive power of the language w.rthe
collections of real vectors that can be de ned. The followirg important result
is what ultimately allows the theory of real closed elds to admit elimination of
quanti ers.

Theorem 1 (Tarski-Seidenberg). The collection of semialgebraic sets is closed
under projection.

It is a marvelous fact that quanti er-free equivalents of all L formul can
be found algorithmically [6], though infeasibly.

3 Universality of Polynomial Positivity

We now use the well-known Rabinowitsch encoding to observene folklore? result
that every 9 RCF sentence is equivalent to the9 closure of a single polynomial
equation. We phrase the result geometrically in terms of prgection. We then
observe that with a simple application of the Intermediate Value Theorem, which
holds over every RCF, we can reduce the truth of any9 RCF formula to (the
falsity of) a statement proclaiming the strict positivity o f a derived polynomial
which is a sum of squares of real polynomials.

Theorem 2. Every semialgebraic set is the projection of a real algebraivariety.

Proof. Let S R" be given asS = fr 2 R" jhR;+; ; ;<;0;1i j= '(r)g
for some' 2 QF_: By induction on ' (which is quanti er-free) we obtain
an equivalent RCF formula whose quanti er-free matrix consists of a single
polynomial equation. This is done by using the Rabinowitscbquivalences (where
z is a fresh variable):

(p60) 09 z(pz 1)=0;
P 09 z(q p z°=0);
(P<a) 09 z(q pz* 1=0;

N xv
P=00  (m)?=0;
i=1 i=1
v
pi=0 pi=0
i=1 i=1

2 This observation appears already in 1954 in Seidenberg's seninal paper [4]. We are
grateful to an anonymous reviewer for pointing this out.
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Note that the obtained is quantier-freei ' is a negation-free boolean combi-
nation of polynomial equations. In that case, the projectim used to obtainS from
the real algebraic variety de ned by is the trivial projection, and thus S is itself
a real algebraic variety. Otherwise, = 9x9z(p(x;z) =0) for somep 2 R[x;z]

The following immediate corollary places an upper-bound orthe dimension of
the ambient Euclidean space containing a real algebraic vaety whose projection
is S.

Corollary 1. If S R" is semialgebraic, thenS = 7 (T) where T R"*k
is a real algebraic variety s.t. kK = jZj is the total number of inequality and
negated-equality symbols appearing in a de nindQF_ formula for S.

In fact, by a di cult construction of Motzkin [2], the follow ing stronger result
is known:

Theorem 3. If S R" is semialgebraic, thenS =  {,4(T) whereT ~ R"*!
is a real algebraic variety. Note that in this construction, T is de ned by an
equation with only one more variable £) than appear in a QF_ formula de ning
S.

With these results in hand, we are ready to make the followingsimple obser-
vation which motivates the rest of the work in this article:

Theorem 4. The decision problem for the9 theory of RCF is simply reducible
to the decision problem for RCF over a connective-fre8 language in which the
only relation symbol is a strict inequality. In particular, every 9 RCF sentence
' can be settled by deciding a proposition of the form \polynomal P takes on
strictly positive values over the reals,” whereP is simply derived from ' .

Proof. We show that any 9 L sentence' can be either trivially decided by
ground evaluation or by deciding a statement of the form \polynomial p takes
on strictly positive values over R." Let  be the sentence obtained from via
the inductive process in Theorem 2 s.t. { () ) 2 RCF. Note that =
Ix9z(p(x;z) = 0) for some p 2 R[x;z] s.t. z = hey;:::;zi: Let (p) be the
degree zero constant term op and let 0 be the zero vector inR"* X, If (p)=0
then p(0) =0 and so (and hence' ) holds. Otherwise, we have either (p) > 0
or (p)< 0. Let %best %= if (pp>0and °= 9x9z(( 1) p(x;z)=0)
otherwise. Denote the resulting LHS polynomial in °asP: As the Intermediate
Value Theorem holds over every real closed eld, we now have

') 8 x8z(P(x;z)> 0):

And so the truth of ' can be settled by deciding the strict positivity of P(x;z)
and negating the result.

The following corollary makes it clear that a method for deciding whether or
not a sum of squares of real polynomials is PD is su cient for the 9 theory of
RCF.
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Corollary 2.  Strict polynomial positivity for sums of squares of real poynomials
is complete for the9 theory of the reals.

Proof. This is immediate, as the formula = 9x9z(p(x;z) = 0) obtaiqu in the
inductive construction of Theorem 2 is either already of theform 9x 9z (" (pi(x;z))? =
0) (e.g., by top-level applications of the encoding of conjaction: (p=0) (=

0) ( p?+ ¢ = 0), or it is of the form 9x9z(p(x;z) = 0) where p is not a sum

of squares of real polynomials. In the latter case, note tha9x 9z (p(x;z) = 0)

is equivalent to 9x 9z ((p(x;z))? = 0) and the result follows.

4 A PD Variant of Hilbert's 17th Problem

Recall that a real polynomial is PSD i it assumes only non-negative values for
all real values of its variables. Artin's positive solution to Hilbert's 17th Problem
characterises the PSD real polynomials with the following gntactic criterion:

Theorem 5 (Artin's Positive Solution to Hilbert's 17th Prob lem). Ev-
ery PSD real polynomial is a sum of squares of rational functins.

The allowance ofrational functions above is necessary to obtain a complete
characterisation, as there are real polynomials (such as # dehomogenized bi-
variate Motzkin form, x*y? + x?y* 3x2y? + 1) that are PSD but not sums of
squares of real polynomials. By the results in the previous exction, we know
that the truth of any 9 RCF sentence' can be settled by deciding if a certain
real polynomial derived from' is PD. Thus, we are interested in obtaining a
syntactic criterion characterising the class of PD polynomals. Such a criterion
for PD polynomials would be analogous to that of PSD polynomals that is given
in Hilbert's 17th Problem. Indeed, it should have the property that every real
polynomial meeting the criterion is PD, just as every real pdynomial meeting
the criterion of being a sum of squares of rational functionss PSD.

In working to obtain a syntactic criterion for PD polynomial s, a natural rst
attempt might take the following form: Every PD polynomial p is PSD, so by
Artin's Theorem p is a sum of squares of rational functions. But, asp never
obtains 0, p must have a positive constant term. Thus, we have

Xk 2
_ g
p= s p+c

i=1
s.t. g;si 2 R[x]and (i) p(0) =0, (i) c2 R*,and (iii) 8 2 R" (p(r) > c). All
of these requirements would certainly be met ifp was of the form
X 2
_ a
p = 5 +r

i=1

with r 2 R*. And so it is natural to ask the following question.
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Question 1. Is every PD real polynomial a sum of a sum of squares of ratiorla
functions and a positive constant?

We will construct a simple example showing that this is not true in general.

P P
Deniton 5. Let p (RIx])>+ R") = 5( 5, () +cjp 2 Rx]jc2
R* jm2Ng, and ( (R(x))2+R*)=f( =, Z—:)2)+ Cjp;g 2R[x]st g6
0jc2R" jm2 Ng.

P
Lemma 1. (R(x))%2 + R* does not contain every PD real polynomial.

Proof. Let ' 2 QF_ be the formula(x =0 ~ x 6 0). Using the transformation
in Theorem 2 we havedx(' (x)) 0 9 x9z((xz 1)?+ x?=0). Let p(x;z) =
(xz 1)+ x?. As' is unsatis able over R, we have8x8z(p(x;z) 6 0). But as
the constant term of p is 1pwe have by Theorem 4 thaBx8z(p(x;z) > 0). We
now observe thap(x;z) 62 (R(x))?+ R*). Suppose otherwise. Then, we must
have 8x8z(p(x;z) > k) for somek 2 R*. Let 1 2 R be s.t. 0< 1 <k. But then

p(pi-; 2 +1)= 1. Contradiction.

So we see that even in the bivariate case, there are PD real paiomials that
are not simply sums of a sum of squares of rational functions rad a positive
constant. The situation is altogether more subtle. We now irtroduce Stengle's
Real Nullstellensatz and exploit it to isolate one interesing syntactic criterion
for PD real polynomials.

4.1 Stengle's Real Nullstellensatz and a PD Criterion

Stengle's Real Nullstellensatz guarantees the existencd an algebraic proof ob-
ject certifying the unsatis ability of a system of polynomi al equations overR".
The result takes the following form.

Theorem 6 (Stengle's Real Nullstellensatz). letS=fpy=0;:::;p« =0g
be a system of real polynomial equations. ThenS is unsatis able over R" i
|

- !
9P 21 (p1;:ii;pk) st. P= G)2 +1;
i=1

Observe that Stengle's Real Nullstellensatz is presentinganother way in
which the unsatis ability of an QF_ formula over R" can be reduced to the
existence of an associated strictly positive polynomial.

We now use this result to isolate a syntactic criterion for PD real polynomials.

Theorem 7. Every PD real polynomial is a ratio of a Real Nullstellensatzwit-
ness and a PD real polynomial.
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Proof. Let p 2 R[x] be PD. Then it follows that 9x(p(x) = 0) is unsatis -
able overR", ang, thus by Stengle's Real Nullstellensatz it follows tha®q 2

1 6p) s.t. (pq = M (g)? +1) for some @i;:::;gn 2 R[Xx]. But as pq =
T (g)? +1, it follows thatppq is itself PD, and so g must be PD as well.
Thus, it then follows that p = M

q

Note that the process involved in the proof of, Theorem 7 can beterated. That

_ Cr@hn

is, given that p and g are both PD with p , it then follows again

P
by Stengle's Real Nullstellensatz that9r 2 | (q) s.t. (gr = ,”;z (r;)?> +1) for

0
im=1 (ri )2 +1

g= ———— and thus

P
p= i";l(q)z +1r
= —Pp
mo(r)? +1

wherer is PD. But then by the same argument, we have

P P oo
:Tll(q)z +1 iril(si)2 +1

p= P

T2 +1 s

where s is PD, and so on.
Based upon this observation, we make the following conjectie.

Conjecture 1. Every PD polynomial is a nite product of ratios of Real Null-
stellensatz witnesses.

Finally, we observe that if this conjecture holds, then it fgllows that every
PD polynomial is in fact a ratio of only two polynomials in (R[X]?+ R* .
This proof is assisted by the following lemmata.

P P
Lemma 2. If p;q2  (R[x])2+ R* ,thenp+q2 (R[x])?+ R" .
Proof. Immediate.

P P
Lemma 3. If p;q2 (R[x])2+ R* , then pg2 (R[x])?+ R* .
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P 2 P m 2 P n 2
Proof. Let p;q2 (RIxD*+ R* st (wlog)p= I, (p)+kKky; 9= o (g)°+
k, for somepi;qg 2 R[x] and ky;ka 2 R*: Then,
! !

X
(P)* + ke (G)%+ k2

i=1

pq

i=1 | | | !

(pi)? (@) +ke (@) +ke (P)?  + kakz

Oi:l i=1 1 i=1 | i=1 |
X0 X0 X0
=@ E)2G)?A + ki (@)2 +ke  (p)? + kike
0 i=1j=1 1 i=1 i=1
| |
X X 2 X _ 2
=@ (Pig)°A + ¢ kig + g kapi + Kika:
i=1 j=1 i=1 i=1

P P _ P
Clearly, [, R kig > o R kop 2:andkik, 2 (R[x])2+ R* :ByLemma

2,itsucestoshow T, ' (pg)? 2 (RX]?+R" :But [ (pcG)?2

(R[x])?2+ R* foreach xed (1 c¢ n), and so by Lemma 2 the result fol-
lows.

Theorem 8. If a real polynomigl p is a nite product of ratios of Real Null-

. mo(@)?)+k
stellensatz witnesses, them = —P'—%]L)Jrl for somequ;:::;Qn;ir1;i::;rmo 2

( im=1 (ri)2)+ k2
R[x], and ki; ko 2 R*.

Proof. Immediate by Lemmas 2 and 3.

5 Conclusion

In conclusion, we have observed a simple reduction from thé theory of RCF to a
restricted theory in which every sentence is of the form \polynomial p (which is a
sum of squares) is strictly positive over the reals." Motivated by this observation,
we posed the question of isolating syntactic criterion for D real polynomials
analogous to that given by Artin's positive solution to Hilb ert's 17th Problem
for PSD polynomials. We then found one such criterion, name} that every PD
real polynomial is a ratio Real Nullstellensatz withess anda PD real polynomial.
Finally, we conjectured that every PD real polynomial is a n ite product of ratios
of Real Nullstellensatz withesses and proved that if this hdds, then every PD
real polynomial is in fact a ratio of two polynomials in (R[X])?+ R* .

References

1. A. C. Doherty, Pablo A. Parrilo, and Federico M. Spedalier i. Distinguishing sepa-
rable and entangled states. Phys. Rev. Lett., 88(18):187904, Apr 2002.



70 Grant Olney Passmore and Leonardo de Moura

2. T. S. Motzkin. The real solution set of a system of algebrai ¢ inequalities. 1970.

3. Pablo A. Parrilo. Semide nite programming relaxations f or semialgebraic problems,
2001.

4. A. Seidenberg. A new decision method for elementary algetra. The Annals of
Mathematics, 60(2), 1954.

5. Joachim Steinbach. Proving polynomials positive. In Proceedings of the 12th Con-
ference on Foundations of Software Technology and Theoretical Computer Science,
pages 191{202, London, UK, 1992. Springer-Verlag.

6. Alfred Tarski. A decision method for elementary algebra a nd geometry. Technical
report, Rand Corporation, 1948.

7. A. Tiwari. Abstractions for hybrid systems. Formal Methods in Systems Design
32:57{83, 2008.



Universality of Polynomial Positivity ... 71

APPENDIX

We now present a proof of Conjecture 1 constructed by the af@mentioned
generous and much appreciated anonymous referee.

Theorem 9. Every PD polynomial is a nite product of ratios of Real Nullstel-
lensatz witnesses. In fact, every PD polynomial is a ratio otwo Real Nullstel-
lensatz witnesses.

Proof. Assuming p > 0O, then p 0 is inconsistent, so by the usual PSatz
(e.g. Theorem 4.6 in the Parrilo reference [3]), there are two sums of squares of
polynomials S; and S, such that

p S1+S= 1L

Now the trick is to use the algebraic identity

dp=(p+1)® (p 1)
=(p+1)2+( 1(p 1)?
=(p+1)2+(S Sip)(p D%

Let S = Si(p 1)?, and S9 = Sp(p 1)?, both obviously still sums of squares
of real polynomials. Then,

dp=(p+1)2+ Sy Skh
4+ S)p=(p+1)*+S)
4+ 8S)p=p*+2p+1+ S}
2+ SPp=1+ p’+ S

and therefore as desired

_1+p*+S)
T2+ S0

Observe that2 + S? is a Real Nullstellensatz witness a® + S = 1+ (1 + S?)
with 1+ S? clearly a sum of squares of real polynomials.

That this result unconditionally subsumes Theorem 8 is readly seen.
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Abstract.  This research is concerned with second-order quanti er elim-
ination in modal logic. In particular, | de ne a re ned Acker mann-based
approach for eliminating quanti ed propositional symbols from modal
formulae. | prove correctness results and show the approachcan solve
two new classes of modal problems that have wider scope than aisting

classes known to be solvable by second-order quanti er elimination meth-

ods. Two uses of the approach are discussed: computing rst-order frame
correspondence properties for modal axioms and rules, and guivalently

reducing second-order modal problems.

1 Second-Order Quanti er Elimination

An application of second-order quanti er elimination is correspondence theory
in modal logic. Propositional modal logics, when de ned axomatically, have

a second-order avour, but can often be characterized by clases of semantic
structures which satisfy rst-order conditions. With the h elp of second-order
quanti er elimination methods these rst-order condition s, called frame corre-
spondence properties, can often be derived automaticallyrém the axioms. For

example, using the standard relational translation method the modal axiom

D =8p[ p! p]translates to this second-order formula:

1) 8P8Xx[8y[R(x;y) ! P9 z[R(x;z) " P(2]I:

This formula is equivalent to a rst-order formula, namely 8x9y[R(x;y)], and
is the rst-order correspondence property of axiomD. It can be derived auto-
matically with a second-order quanti er elimination metho d by eliminating the
second-order quanti er 8P from (1).

Here, | am interested in methods using a substitution-rewrte approach to
second-order quanti er elimination. Such methods include the Sahlgvist-van
Benthem substitution method for modal logic, the DIs algorithm introduced
by Szalas (1993), Doherty, Lukaszewicz and Szalas (1997and the Sgema
algorithm introduced by Conradie, Goranko and Vakarelov (2006). The focus
is in particular on the methods underlying the DIs and Sgema algorithms.
Both these algorithms exploit a general substitution propety found in Acker-
mann (1935). This property, called Ackermann's Lemmea, tells us when quanti ed
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predicate symbols are eliminable from second-order formak. For propositional
and modal logic Ackermann's Lemma can be formulated as folls. In any model,

(2) 9gp[( ! p)* (p)] isequivalentto P;

provided these two conditions hold: (i) p is a propositional symbol that does not
occur in , and (i) p occurs only negatively in . The formula P denotes the
formula obtained from by uniformly substituting for all occurrences ofp
in . This property is also true, when the polarity of p is switched, that is, all
occurrences ofp in  are positive and the implication in the left conjunct is
reversed. Applied from left-to-right the equivalence (2) diminates the second-
order quanti er 9p and all occurrences ofp. This idea can be turned into an
algorithm for eliminating existentially quanti ed propos itional symbols. | refer
to this algorithm as the basic Ackermann algorithm It can be seen to form the
skeleton for the DIs and Sgema algorithms, and forms the basis of the re ned
approach, introduced in [2], for which this is an extended alstract.

2 A Rened Ackermann Approach

Like the Sgema algorithm, rather than translating the modal axiom into second-
order logic and then passing it to a second-order quanti er émination method,
the approach performs second-order quanti er elimination directly in modal
logic. Only in a subsequent step the translation to rst-order logic is performed.
For example, given the formulaD = 8p[ p! p] the approach rst eliminates
8p and returns the formula >. Subsequently this is translated to rst-order
logic to give the expected seriality property 8x9y[R(X; y)].

The approach is de ned for propositional multi-modal tense logics, more
precisely, the IogicK[‘m)(‘ ; +) with forward and backward looking modali-
ties, nominals and second-order quanti cation over propogional symbols. This
means that the approach can also be used for problems in basinodal logic.

A main motivation for this work has been to gain a better understanding of
when quanti er elimination methods succeed, and to pinpoirt precisely which
techniques are crucial for successful termination. | de netwo new classes of for-
mulae for which the approach succeeds: the clags and an algorithmic version
called C . For lack of space the classes are not de ned here but can beea® to
de ne normal forms for when Ackermann-based second-orderupnti er elimina-
tion methods succeed.C and C subsume both the Sahlqyvist class of formulae
and the class of monadic-inductive formulae of Goranko and ®karelov (2006).
I present minimal requirements for successful terminationfor all these classes.

| consider two applications of the approach:

(i) Computing correspondence properties for modal axioms ad modal rules.
For example, equivalently reducing axiomD to the seriality property, or
equivalently reducing the modal rule p= pto 8x9y9z[R(x;y) " R(z;V)].

(i) Equivalently reducing second-order modal problems. for example, the second-
order modal formula8p8q[ (p_q ! ( p_ Q)] equivalently reduces to
8p[ p! p], or the axiom D equivalently reduces to >.
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While the approach follows the idea of the basic Ackermann aorithm and
is closely related to the DIs algorithm and the Sgema algorithm, | introduce
a variety of enhancements and principles novel to existing @bstitution-rewrite
approaches.

First, which propositional symbols are to be eliminated canbe exibly spec-
i ed, and the approach is not limited to eliminating all prop ositional symbols.
Second, in order to be able to ensure e ectiveness and avoichintended looping,
the approach is enhanced with ordering re nements. In the approach an ordering
on the non-base symbols (these are the symbols that we want teliminate) must
be speci ed and determines the order in which these symbolsra eliminated. At
the same time the ordering is used to delimit the way that inference rules are
applied. Third, for reasons of e ciency and improved succes rate, it is bene-
cial to incorporate techniques for pruning the search spa®. A general notion
of redundancy is thus included. It is designed so that it is p@sible to de ne
practical simpli cation and optimization techniques in a exible way. Fourth,
the approach is de ned in terms of calculi given by sets of inérence rules.

It turns out that the approach allows for a more ne-grained analysis of
the computational behaviour of Ackermann-based approache and more general
results can be formulated. The following properties are shan in [2].

1. Any derivation in the approach is guaranteed to terminate and the obtained
formula is logically equivalent to the input formula.

2. Any problem in the class C is e ectively and successfully reducible using
some ordering. For the subclas€ of C redundancy elimination is not needed
and the ordering is immaterial.

3. Whenever the approach successfully eliminates all promitional symbols for
a modal formula then (a) : is d-persistent and hence canonical, and
(b) the formula returned is equivalent to

4. All modal axioms equivalent to the conjunction of formulae reducible to
clauses inCand C are elementary and canonical.

Property 1 means that the re ned modal Ackermann approach iscorrect and ter-
minating. Property 2 says that it decides the second-order ganti er elimination
problem of the classe<C and C . Properties 2{4 strengthen Sahlqvist's theorem
and the corresponding result for monadic-inductive formube. The signi cance
of Property 4 is that axioms that are equivalent to rst-orde r properties and are
canonical can be used to provide sound and complete axiomattions of modal
logics.
For a full account of the approach | refer to [2] and Chapter 13in [1].
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1 Introduction

Temporal logics are considered important tools in many di erent areas of arti-
cial intelligence and computer science, including the spei cation and veri ca-
tion of concurrent and distributed systems. Here we presentCTL-RP, the rst
resolution theorem prover for CTL [3], a branching-time temporal logic, which
implements the sound and complete clausal resolution caldus RCT‘E [4] based
on an earlier calculus by [P]. The calculus RCT‘E is designed in order to allow
the use of classical rst-order resolution techniques to emlate the rules of the
calculus. We take advantage of this approach in the developmnt of our prover
CTL-RP which uses the rst-order theorem prover SPASS [].

This presentation is based on a paper accepted for publicatin in a Special
Issue of Al Communications on Practical Aspects of Automatal Reasoning ).

2 Normal form for CTL SNF 2, and clausal resolution
calculus Rgi;

CTL is an extension of propositional logic with temporal opeators 2 (always
in the future), # (at the next moment in time), 3 (eventually in the future), U
(until), and W (unless) and path quanti ers A (for all future paths) and E (for
some future path), interpreted over in nite tree structure s.

The calculus R.;; operates on formulae in a clausal normal form called
Separated Normal Form with Global Clauses for CTL, denoted ly SNFZ,, .
The language of SNE,, clauses is de ned over an extension of CTL in which
we label certain formulae with an indexind taken from a countably in nite index
setInd and it consists of Wmulae of the following form.

A2 (start ) ij:l m;) (initial clause)
AZ({;UE ) }(:1 i) (global clause)
A2(Vi”:1 i) A# }(zwm,—) (A -step clause)
A2(yit i) Etinai# iy mj) (E-step clause)
A2(yig i) A3 (A -sometime clause)
A2( i1 li) Etinai31) (E-sometime clause)

? This work was supported by EPSRC grant EP/D060451/1.
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where start is a propositional constant (which is only true at the root of the
in nite tree structure), I} (1 i n),m; (1 j k) and]l are literals, that is
atomic propositions or their negation, ind is an element oflnd. The symbol ind
is akin to a Herbrand constant representing a path in the in nite tree structure.
As all clauses are of the formA2 (P ) D) we often simply write P ) D instead.

A set of transformation rules which allows us to transform anarbitrary CTL
formula into an equi-satis able set of SNFY;, clauses is given in[f].

RCT‘E consists of two types of resolution rulesstep resolution rules (SRES1
to SRESS8) and eventuality resolution rules (ERES1 and ERES2). Motivated by
re nements of propositional and rst-order resolution, we restrict the applica-
bility of step resolution rules by means of an atom ordering and a selection
function S, which helps to prune the search space dramatically. Due todck of
space, we only present one of the step resolution rules, ontithg the ordering and
selection restriction, and one of the eventuality resoluton rules. In the following
| is a literal, P, Pji and Q are conjunctions of literals, and C, Cji and D are
disjunctions of literals.

P) Enngi#(C_1) Q) A#(D_:1)
P"Q) Enngi#(C_D)
PY) E#E2I Q) A3:l
Q) AGCPYW:I)
where PY') E# E2| represents a set, g, of SNF‘?;TL clauses

SRES2

ERES1

P{) Ci:uiPl)  ClyiinPa, CL. PR ) Ch.
with each elther being empty or being an operator in
f@#g [f E#ind j m@ 2 Indg and vgr e\.(ery| i n,

( C)) Iand( C)) (i P)areprovable

The inference rules ofRCTL can be used to deC|de the satis ability of a given
setN of SNF2; clauses by computing the saturationN °© of N using at most an
exponential number of inference steps with each step takingt most exponential
time; N is unsatis able i N9 contains a clausetrue ) false or start ) false.
This gives a complexity optimal EXPTIME decision procedure for CTL.

3 CTL-RP

In order to obtain an e cient CTL theorem prover and to reuse e xisting state-of-
the-art rst-order resolution theorem provers, we adopt an approach analogous
to that used in [4] to implement a resolution calculus for PLTL to implement
the calculus R.;; and the associated decision procedure for CTL. In our im-
plementation of R.i; , we rst transform all SNF %, clauses exceptA- and
E-sometime clauses into rst-order clauses. Then we are abléo use rst-order
ordered resolution with selection to emulate step resolutn. For this part of the
implementation we are using the theorem prover SPASSA - and E-sometime
clauses cannot be translated to rst-order logic. Therefoe, we continue to use
the eventuality resolution rules ERES1 and ERES2 for inferaces with A - and
E-sometime clauses, respectively, and use the loop searctgatithm presented
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Fig. 1. Performance of CTL-RP and TWB on a set of benchmark formulae

in [[4] to nd suitable premises for these rules and we compute the esults of
applications of the eventuality resolution rules in the form of rst-order clauses.

Besides CTL-RP, there is only one other CTL theorem prover weknow of,
namely a CTL module for the Tableau Workbench (TWB) [[1]. We have created
several sets of benchmark formulae that we have used to compa CTL-RP
version 00.09 with TWB version 3.4. The comparison was perfoned on a Linux
PC with an Intel Core 2 CPU@2.13 GHz and 3GB main memory, usingthe
Fedora 9 operating system. In Figurdll, we show the experimental results on one
of those sets of benchmark formulae. This set of benchmark fomulae consists
of one hundred unsatis able CTL formulae such that each fornula species a
randomly generated state transition system with at most 16 sates, using 30 so-
called transition speci cation formulae over four propositional variables, together
with ve so-called property speci cations for that system. The graph in Figure[l
indicates the CPU time in seconds required by TWB and CTL-RP to establish
the unsatis ability of each benchmark formula. CTL-RP shows a much more
stable performance on these benchmarks than TWB.
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