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Quantum dynamics in nonequilibrium strongly correlated environments
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We consider a biased quantum point contact between two Luttinger liquids measuring a quantum-mechanical
system~oscillator!. There are three main physical results. First, we find that for voltages higher than the
oscillator level spacing, the effect of the measurement is equivalent to coupling to a heat bath, with an effective
temperature that only depends on the deviceI -V characteristic. Second, we find that this heating changes the
I -V characteristics on the junction. Finally, we predict a modulation of the tunneling current at the oscillator
frequency. Also, we find that a generalized nonequilibrium fluctuation-dissipation relation connects the deco-
herence and dissipation of the oscillator to the current-voltage characteristics of the device.
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I. INTRODUCTION

The quest to build a scalable quantum computer has
cently led to a series of spectacular experiments where m
roscopic quantum states were coherently manipulated
measured.1–3 These experiments for the first time give a
opportunity to study the effects of indirect continuo
measurement4 on an individual quantum system. Large
motivated by the technological breakthroughs, a detailed
oretical analysis of measurement process based on ex
models describing the coupling between a quantum sys
and an electrical measurement apparatus has been initi
In most cases, strong and weak measurement of two-~spin!
or a few-level systems have been considered.5–9 It has been
found that in the case of the weak measurement, when
timescale associated with the measurement is slow comp
to the intrinsic dynamics of the quantum system, it is p
sible to indirectly observe the coherent behavior of
system.9 In the opposite limit of the strong measurement, d
to the fast dephasing, the dynamics of the quantum sys
can be frozen~quantum Zeno effect!, an effect particularly
useful in single-shot qubit readout.6,9 To date, however, there
have not been many studies of quantum-measurement of
tems with infinite number of levels. Examples of particu
practical importance are quantum mechanical vibratio
modes, be it man-made resonators or isolated molecu
atomic phonon modes. The applications include the lo
probes, such as atomic force microscopy and magne
resonance force microscopy, as well as novel nano-electr
devices where an imbedded phonon mode can provide
functionality.10 A study of nano-scale mechanical devices11 is
also intriguing, since it may help to explore the fundamen
problem of the measurement-induced quantum to class
crossover.12

Interactions and correlations play a crucial role in prote
ing quantum coherence in macroscopic systems and ena
manipulation of the quantum states. In submicrometer e
tronic systems, the Coulomb interaction becomes impor
and can lead to Coulomb blockade, a subject of intens
research both in the contexts of ‘‘classical’’ and quantu
coherent electronic devices. The more subtle effects ofitin-
erant electron-electron interactions, however, have not b
0163-1829/2003/68~3!/035101~5!/$20.00 68 0351
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studied in the context of quantum measurement. These
fects are often important since in order to interface with
quantum device, at least a part of the apparatus has t
scaled down to the device size. For instance, carbon na
tubes are actively considered as one of the basic element
nanocircuitry. Due to essentially one-dimensional confin
ment, the electron-electron interactions in the nanotubes
to dramatic renormalizations near the Fermi surface, att
uted to the formation of the Luttinger liquid.13 The study of
such correlation effects is, therefore, important in develop
the understanding of a realistic quantum measurement.

To analyze the role of correlations in the measurem
apparatus, we study here a specific example of two Luttin
liquid leads electrically coupled to a quantum system, w
the tunneling current being influenced by a coordinate of
system. The interactions in the Luttinger liquids can be
rametrized by the dimensionless constantg, which describes
repulsive interactions ifg,1, attractive ifg.1, and a non-
interacting Fermi liquid forg51. One experimental realiza
tion of repulsive Luttinger liquids is carbon nanotubes14

where it has been shown that defects in the nanotubes
the role of tunnel contacts. We mainly deal here with t
repulsive case, and the attractive Luttinger liquids are d
cussed at the end of the paper.

We begin by developing the formalism for an arbitra
quantum system, which extends that of Mozyrsky a
Martin,12 as it is valid for general leads as well as for arb
trary voltage with the weak tunneling regime as the on
approximation. There are three main physical results. F
we find that for higher voltages the effect of the measu
ment is equivalent to coupling to a heat bath, with an eff
tive temperatureTeff different from the Fermi-liquid case.12

We find that for tunneling particles of chargeq across a
junction with given instrumentI -V characterististic,

Teff5~qI/2!~dV/dI !. ~1!

For Luttinger liquids withg.1, this reduces toTeff5(a
11)21qV/2, where the currentI}Va11 anda is the sum of
density of state exponents for the two leads:a(g1)
1a(g2). For carbon nanotubes, tunneling between the
of two leads is given byaend(g)5(1/g21)/4,22 while for
©2003 The American Physical Society01-1
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tunneling between two infinite leads one hasa tun5(g
1g2122)/8. Second, we find that this heating changes
I -V characteristics of the junction@Eq. ~13!#. Third, we ob-
serve a modulation of the tunneling current at the oscilla
frequency@Eq. ~15!#. We finally considered the possible ca
of attractive interactions, which can be handled via a d
representation: here, a weak backscattering approximatio
used rather than a weak tunneling approximation, and all
results carry through with the roles of voltage and curr
interchanged.

Examples of experimental realizations of our model
applied to the measurement of a quantum oscillator
shown in Fig. 1. In Figs. 1~a! and 1~b!, the tunnel junction is
formed by a nanotube~Luttinger liquid! and a metal~Fermi
liquid!, while in Figs. 1~c! and 1~d! both sides of the junction
are Luttinger liquids. In the first example, Fig. 1~a!, the tun-
nel current between the gate and the nanotube is use
monitor the transverse nanotube oscillations. The chara
istic oscillation frequency is about 1 GHz for a 100-n
nanotube,15 which makes it possible to achieve the quantu
regime at about 50 mK. In Fig. 1~b!, a short stiff nanotube in
the STM mode16 is used to perform vibrational spectrosco
of an adsorbate loosely bound to a metal surface. The p
tion of the atom/molecule modulates the tunnel current.
the last two examples, a kink in the nanotube formed eit
mechanically or due to a 5-7 defect plays the role of
tunnel contact.14,17 The presence of the defect will lead
formation of a localized optical-phonon mode above
nanotube phonon band@above 200 meV~Ref. 18!#, which
will couple to the tunnel current by modifying the tunnelin
matrix element. Alternatively, the chemical kink defect c
be functionalized by adsorbing an atom or molecule,19 whose
vibrations will also modify the tunneling between the tw
Luttinger legs.

II. KELDYSH FORMALISM

We establish a general formalism for effects of measu
ment in strongly correlated environments. We use as an

FIG. 1. Experimental realizations of the model.
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ample the specific problem of tunneling between two L
tinger liquids, when the tunneling is coupled to an exter
system, such as a quantum oscillator, or a spin. The Ha
tonian is

H5VT1H 1
L1H 2

L1H0 , ~2!

whereH0 is the Hamiltonian for the measured system,
ferred to as an oscillator,H 1,2

L are the Luttinger liquid Hamil-
tonians for the two leads, with Luttinger parameterg and
with a potential differencem5qV. We define the electron
tunneling operator T(t)5C1

†(x50,t)C2(x50,t)1H.c.,
whereC1,2(x,t) are fermion operators in the leads. The te
V includesc-number terms as well as operators that do
commute withH0.

Following Kane and Fisher,17 we consider tunneling via a
weak link, and consider repulsive interactionsg.1 to avoid
infrared divergences~the case of attractive interactions
considered later in a dual representation!. We use a Keldysh
formalism.20 Our procedure closely follows the one used
study noise in Luttinger liquid tunneling.21 Let us suppose
that initially the oscillator and leads are decoupled, with de
sity matricesr0 for the oscillator andr1,2

L for the leads, so
that the full density matrixr5r0^ r1

L
^ r2

L . For now, we
assume that the leads are at zero temperature. After the
teraction between systems is turned on at timet52`, the
systems become coupled. Define the scattering operatorS by

S5Tc expS 2 i È2`

HdtD expS 2 i E
2`

`

HdtD[1, ~3!

where the operatorTc denotes time ordering along th
Keldysh contours. Points along the forward branch (2`
→`) are ordered with increasing times, while those in t
return (̀ →2`) are ordered with decreasing times, wi
those in the return branch ordered after those in the forw
branch. We will occasionally use a superscriptf ,r on t to
indicate to which contourt belongs. The expectation value o
any product of operatorsO(t1),O(t2),••• can be obtained
by ^O(t1)O(t2)•••&5Tr$r„TcO(t1

f )O(t2
f )•••S…%, where we

work in the Schro¨dinger representation throughout.
It is well established since the work of Kane and Fishe17

that for repulsive interactions, a renormalization-group c
culation leads to no infrared divergences and a perturba
approach remains valid forall voltages. Thus, we can trac
out the Luttinger liquids and to obtain the new scatteri
operator to orderV2,

Seff5TcexpS 2 i È2`

H0dtD expS 2 i E
2`

`

H0dtD
3expS 6

1

2E2`

`

dt1dt2V~ t1!V~ t2!

3
2 cos~m~ t12t2!!

~e6 i ~ t22t1!!a12
1••• D , ~4!

where the plus sign is chosen before the integral overt1 ,t2 if
t1 ,t2 are in different branches and the minus sign is chose
1-2
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they are in the same branch. The6 sign in the denominato
of the exponential is taken positive ift2 is aftert1 and nega-
tive if t2 is before t1. We have used^T(t1)T(t2)&L
52cos@m(t12t2)#/@e6i(t22t1)#

a12, where the expectation
value^&L for the leads is the expectation value for decoup
Luttinger liquids at zero temperature.21 In this expectation
value, there is an additional factor dependent on the den
of states, which may be absorbed into the normalization
V. The ••• in Eq. ~4! denote terms of higher order inV.
This is the only approximation in the present formalism
weak tunneling approximation thatV2ma!1.

The expectation value of an operatorO(t) becomes

^O~ t !&5Tr$r0„TcÕ~ t !Seff…%5^Õ~ t !&, ~5!

where Õ5^O(t1
f )&L7*dtiV(t)^O(t1

f )T&L1•••. Here the
ellipses denote connected expectation values which ar
higher order inV, and where7 is chosen negative fort on
the forward contour and positive fort on the return contour
The operatorÕ depends only on the oscillator coordinat
and not on the leads.

The exponential in Eq. ~4! involves a product
V(t1)V(t2), where t1 ,t2 may be on either the for
ward or return contour. We introduceVs(t1)5V(t1

f )
1V(t1

r ),Va(t1)5V(t1
f )2V(t1

r ). Then,

6V~ t1!V~ t2!
2 cos@m~ t12t2!#

@e6 i ~ t22t1!#a12

52Va~ t1!Va~ t2!ReS 2 cos@m~ t12t2!#

~e1 i ut22t1u!a12D
22Va~ t1!Vs~ t2!u~ t12t2!ImS 2 cos@m~ t12t2!#

~e1 i ut22t1u!a12D .

~6!

Again assuming thatV2ma!1, we can make a
further simplification in the exponential of Eq.~4!, by us-
ing the Bloch-Redfield approximation,23 that Va,s(t2)
5eiH0(t22t1)Va,s(t1)e2 iH0(t22t1). Corrections to the Bloch-
Redfield approximation arise if operatorsV are inserted be-
tweent1 ,t2; such corrections toSeff will be of the order of
ut22t1uV2ma11. Let us write V5V i j , where i , j denote
eigenstates ofH0 with energiesEi , j . Then, integrating
over t2,

Seff5TcexpS 2 i È2`

H0dtD expS 2 i E
2`

`

H0dtD
3expS 1

2E2`

`

dt@Va~ t !V i j
s ~ t !A~m,Ei2Ej !

2Va~ t !V i j
a ~ t !S~m,Ei2Ej !# D , ~7!

where we define S(m,DE)5*2`
` 2 cos(mt)eiDEtRe@(e

1 i utu)2a22#dt, A(m,DE)522*2`
0 2 cos(mt)eiDEtIm@(e
03510
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1 i utu)2a22#dt. The terms inVaVa in Eq. ~7! produce de-
coherence, and are equivalent to averaging over a rando
fluctuating field coupled toV, while the termsVaVs pro-
duce dissipation.

Taking uEi2Ej u,m, so that the correct poles in the inte
grals forA,S are determined by the sign ofm, one finds that

S~m,DE!5
1

2
@ I ~m1DE!1I ~m2DE!#A~m,DE!

5
1

2
@ I ~m1DE!2I ~m2DE!#1•••, ~8!

where the ellipses denotes imaginary terms, possibly sing
as e→0, which may be absorbed into a renormalization
H0, and hence dropped. We have definedI (m)
52pma11/G(a12).

III. AVERAGE CURRENT AND NOISE

HereqI(m) is equal to the current24 flowing atV51. We
now recompute the current within the present formalism,
order to obtain corrections to the current due to fluctuatio
in V. The current operator at timet f50 is J(0 f)
5qiV(0 f)@C1

†(0,0f)C2(0,0f)2H.c.#. From Eqs. ~5!, the
leading contribution to ^J& is of the order of V2,
6 iq*2`

` dt^V(t)V(0 f)&2sin(mt)/(e6it)a12. This vanishes
when integrated overt on the forward contour, so
we can assume thatt is on the reverse contour. Apply
ing the same Bloch-Redfield approximation, we g
q*2`

` dtei (Ei2Ej )t^V i j (0)V(0 f)&2sin(mt)/(e1it)a12. Doing
this integral yields

^J&5q^V i j ~0!V~0!&
2p

G~a12!
~m1Ei2Ej !

a11. ~9!

We now consider fluctuations in the current,^J(t1
r )J(t2

f )&.
The orderV2 contribution to the current-current correlatio
function, from Eq.~5!, is given by

q2^V~ t1
r !V~ t2

f !&
2 cos@m~ t22t1!#

~e1 i ut22t1u!21a
. ~10!

This represents the shot noise in the tunnel junction sligh
modulated by oscillator. To next order inV2, from Eq. ~5!,
we must compute

266~q2/2!*2`
` dt3dt4^V~ t1

r !V~ t2
f !V~ t3!V~ t4!&

3^T~ t1
r !T~ t2

f !T~ t3!T~ t4!&L .

Even forc numberV, this calculation is involved;21 in this
case, the calculation yields a result of the order
m2aV4ut22t1u22, plus terms with lower powers ofm. How-
ever, for operatorV, there is one contribution which is of th
order ofm2a12 and which dominates over the previous co
tribution for ut22t1u@m21, the time regime we now con
sider.

The expectation value ^T(t1
r )T(t2

f )T(t3)T(t4)&L

5^T(t1
r )T(t3)&L^T(t2

f )T(t4)&L1t3↔t41connected. The
last term, a connected expectation value of fourT operators,
gives the contribution of the order ofm2aV4ut22t1u22. We
ignore this, and consider only the other terms. Integrat
1-3
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over t3 , t4, and applying a Bloch-Redfield approximatio
we arrive at the following contribution tôJ(t1)J(t2)&:

66^V~ t1
r !V i j ~ t1!V~ t2

f !V~ t2!&

3F E dt3^T~ t1
r !T~ t3!&Lei (Ei2Ej )(t32t1)

3E dt4^T~ t2
f !T~ t4!&Lei (Ek2El )(t42t2)G . ~11!

For the expectation valuêT(t1
f )T(t3)&L^T(t2

f )T(t4)&L to
be significant,t12t3;m21, t22t4;m21, justifying the ap-
plication of the Bloch-Redfield approximation. As claime
Eq. ~11! is of the order ofm2a12, reflecting a modulation of
the current7 by the oscillator. Equation~11! decays on a time
scale of the order of the inverse damping coefficient, 1/g, of
the oscillator. In the case ofc numberV, this term is ne-
glected: when computinĝJJ&2^J&^J&, it cancels.

IV. DENSITY MATRIX

For DE!m, it is possible to write the results above in
compact form. Definer(t) to be the density matrix for the
oscillator at given timet. Then use Eqs.~5! and ~7! to com-

pute^Ȯ̃(t f)& for any operatorÕ; the result is a linear differ-
ential equation for the expectation values. Then u

^Ȯ̃(t f)&[Tr@ ṙ(t)Õ# to derive the equation for the densi
matrix:

ṙ52 i @H0 ,r#1
1

2

dI

dm
@V,$L,r%#2

I

2
l @V,@V,r##,

~12!

with L5@H0 ,V#. Comparing to the results for Fermi-liqui
leads,12 the effective temperature of the oscillator, det
mined by the ratio of the third ~decoherence!
term to the second~dissipation! term in Eq. ~12!,
is Teff5(a11)21qV/2. For the current, we find
^J&5q^V2&I (m)1q^LV&dI/dm.

V. SPECTRAL REPRESENTATION

While these results were derived for Luttinger liqu
leads, they are more general. Assuming sufficiently smallV,
we find Eq. ~4! with 2 cos@m(t12t2)#/@e6i(t22t1)#

a12 re-
placed by the appropriate expectation value in the lea
^T(t1)T(t2)&L . Let the density of states~particle and hole,
respectively! at energyE be r1,2

p,h(E) in leads 1, 2, respec
tively. Then, defining rp(E)5*dE1r1

p(E1)r2
h(E2E1),

rh(E)5*dE1r1
h(E1)r2

p(E2E1), the expectation value is
*dE@rp(E)e7 i (E1m)(t12t2)1rh(E)e7 i (E2m)(t12t2)#, with the
minus sign chosen ift1 is after t2 and the plus sign other
wise. Then going through the same steps, we find Eqs.~7!
and ~8! in general, withI (m) replaced by the appropriat
current-voltage characteristic of the device:I (m)52p@rp

(2m)1rh(m)#. The relation betweenS, A, andI generalizes
the fluctuation-dissipation relation derived between no
and current.25 For D!m, we arrive at Eq.~1!.
03510
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VI. APPLICATIONS

We now consider the specific case of a harmonic osci
tor with frequencyv0 and massm, linearly coupled to the
tunneling,V5V01cx. We consider a regime for which th
V0 term dominates and the oscillator coordinatex only
weakly modulates the current. Form.v0, the average cur-
rent is

J~m!5qF IV0
21

c2S2

2mv0A
2

c2A

2mv0
G , ~13!

where I 5I (m);S5S(m,v0);A5A(m,v0). The first term
gives J}V0

2Va11, while the second term is proportional t
c2^x2&Va11;Va12. For very largeV, the tunneling approxi-
mation breaks down, while for smallV the first contribution
dominates; however, for sufficiently largec at intermediate
V, the second contribution is dominant.

The noise spectrum can be evaluated from Eqs.~10! and
~11!. Fourier transforming Eq.~10! gives the shot noise con
tribution

q2E dteivt^V~0!V~ t !&L^T~0!T~ t !&L52q2V0
2I , ~14!

for uvu!umu. The above current modulation yields to leadin
order inc2, after symmetrizing int1 ,t2,

q2V0
2c4

m2

~ I 1S!2S22A2~S1I !

~v22v0
2!21g2v2

, ~15!

where g5c2A(m,v0)/(mv0). At the peak, the signal-to
noise ratio, Eq.~15! divided by Eq.~14!, is ;2I 2/A2.

VII. ATTRACTIVE INTERACTIONS

We finally return to the case of anattractive interaction
between electrons, tunneling between the ends of two le
so thata,0. In this case, the density of statesr(E) diverges
at smallE in the ends of the leads. This gives rise to low
energy divergences in the perturbative expansion in the
neling, as the tunneling operator becomes relevant in
attractive case. Thus, following Kane and Fisher,17 we con-
sider another possible system for which perturbative exp
sions are possible, that of a single lead with a weak ba
scattering. In this dual case, the Hamiltonian is

H5ṼU1H L1H
8
, ~16!

where H0 remains the oscillator Hamiltonian,H L is the
Hamiltonian for asingle Luttinger liquid, U is a scattering
potential at the link,U5C†(x50)C(x50), andṼ is some
function of the oscillator coordinate.

In the case of attractive interactions, the backscatter
operatorU is irrelevant in the dual problem, and a perturb
tive expansion is again possible. Thus, given that the w
tunneling fixed point is unstable, while the weak backscat
ing point is stable, it is reasonable to assume that
renormalization-group~RG! flow joins the two perturbative
regimes, so that for attractive interactions the low-ene
behavior is described by Hamiltonian~16!, even if the origi-
1-4
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nal problem involves two separate leads. Conversely, for
pulsive interactions, the weak tunneling description will
ways be correct at low energy. In this context, low ene
means that bothv0 andV are small compared to the ban
width of the leads. In the Fermi-liquid case,g50, both the
weak tunneling and weak backscattering problems give
to marginal behavior, and either leads to a convergent pe
bation theory, with the choice between the two descriptio
to be made on physical grounds.

In this RG flow, the operatorṼ is not necessarily relate
to the original operatorV. However, if the original operato
V involves a weak linear coupling to the oscillator:V

5V01cx for small c, then Ṽ will also involve a linear
coupling,Ṽ5Ṽ01 c̃x, since no symmetry principle forbid
the linear coupling tox in Ṽ.

Starting with Hamiltonian~16!, the problem can be solve
as above, where the perturbation theory inT is replaced by a
perturbation inU. After integrating out the lead, we arriv
again at action~4!, but with a5(g21)/2, rather thana
5(1/g21)/2 as it would be previously. Then, for repulsiv
interactions, withg.1, we still havea.0 and the pertur-
bation theory works. In the dual problem, the roles of curr
and voltage are interchanged. Thus, definingm(I ) to be the
voltage drop for given current atV51, we havem(I )
52pI a11/G(a12). The dynamics of the density matrix o
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the oscillator is described by Eq.~12!, with the roles ofm
and I interchanged, thus solving the attractive case as w

VIII. DISCUSSION

We have developed a formalism for studying measu
ment of tunneling in strongly correlated systems. This f
malism can be applied to several experimental setups u
carbon nanotubes. We predict a heating of localized mode
the tunnel contact with a universal temperature depend
only on I -V characteristics. Physically, this heating is due
the electron shot noise at the tunnel contact, and is modi
from the Fermi-liquid case due to strong correlations. T
heating can be measured as a correction to theI -V charac-
teristics of the device, which may affect the experimen
determination of the Luttinger parameterg from the I -V
measurements. The most direct measurement of these m
is as a predicted peak in the power spectrum of the curren
the mode frequencyv0.

ACKNOWLEDGMENTS

This work was supported by U.S. DOE under Grant N
W-7405-ENG-36, NSF DMR-0121146~DM!, and DARPA
MOSAIC ~IM !. We thank M. Paalanen for encouraging us
study this problem, and K. Schwab and A. Shnirman
useful discussions.

,

-

13D. Mattis and E. Leib, J. Math. Phys.15, 609 ~1965!.
14Z. Yao, H.W.Ch. Postma, L. Balents, and C. Dekker, Nature~Lon-

don! 402, 273 ~1999!.
15M.M.J. Treacy, T.W. Ebbesen, and J.M. Gibson, Nature~London!

381, 678 ~1996!; R.S. Ruoff and D.C. Lorents, Carbon33, 925
~1995!.

16J.H. Hafner, C.L. Cheung, and C.M. Leiber, Nature~London!
398, 761 ~1999!.

17C.L. Kane and M.P.A. Fisher, Phys. Rev. Lett.68, 1220~1992!.
18Daniel Sánchez-Portal, Emilio Artacho, Jose´ M. Soler, Angel Ru-

bio, and Pablo Ordejo´n, Phys. Rev. B59, 12678~1999!.
19S.S. Wong, E. Joselevich, A. T. Woolley, C. L. Cheung, and C.

Lieber, Nature~London! 394, 52 ~1998!.
20L.V. Keldysh, Zh. Eksp. Teor. Fiz.47, 1515 ~1964! @Sov. Phys.

JETP20, 1018~1965!#.
21C.D. Chamon, D.E. Freed, and X.G. Wen, Phys. Rev. B51, 2363

~1995!.
22C. Kane, L. Balents, and M.P.A. Fisher, Phys. Rev. Lett.79, 5086

~1997!.
23F. Bloch, Phys. Rev.70, 460 ~1946!; A.G. Redfield, IBM J. Res.

Dev. 1, 19 ~1957!.
24X.G. Wen, Phys. Rev. B44, 5708~1991!.
25D. Rogovin and D.J. Scalapino, Ann. Phys.~N.Y.! 86, 1 ~1974!.
1-5


